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To my parents, Sadie and Robert



To live effectively is to live with adequate information.
Norbert Wiener The Human Use of Human Beings

The study of probability teaches the student that clear logical thinking is also of use
in situations where one is confronted with uncertainty (which is in fact the case in
almost every practical situation).

A. Renyi Remarks on the Teaching of Probability
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PREFACE TO THE FIRST EDITION

This is designed to be an introductory text for a modern course on the fundamentals of
probability and information. It has been written to address the needs of undergraduate
mathematics students in the ‘new’ universities and much of it is based on courses
developed for the Mathematical Methods for Information Technology degree at the
Nottingham Trent University. Bearing in mind that such students do not often have a
firm background in traditional mathematics, I have attempted to keep the development
of material gently paced and user friendly—at least in the first few chapters. I hope that
such an approach will also be of value to mathematics students in ‘old’ universities, as
well as students on courses other than honours mathematics who need to understand
probabilistic ideas.

I have tried to address in this volume a number of problems which I perceive in
the traditional teaching of these subjects. Many students first meet probability theory
as part of an introductory course in statistics. As such, they often encounter the
subject as a ragbag of different techniques without the same systematic development
that they might gain in a course in say, group theory. Later on, they might have the
opportunity to remedy this by taking a final-year course in rigorous measure theoretic
probability but this, if it exists at all, is likely to be an option only. Consequently many
students can graduate with degrees in mathematical sciences but without a coherent
understanding of the mathematics of probability.

Information sciences have of course seen an enormous expansion of activity over the
past three decades and it has become a truism that we live in an ‘information rich
world’. It is perhaps a little surprising that information theory itself, the mathematical
study of information, has continued to be a subject that is not widely available on
university mathematics courses and again usually appears, if at all, as a final-year
option. This may be because the subject is seen as being conceptually difficult, and it
is certainly true that the basic concept of ‘entropy’ is extremely rich and subtle; none
the less, bearing in mind that an understanding of the fundamentals requires only a
knowledge of elementary probability theory and familiarity with the manipulation of
logarithms, there is no reason why it should not be taught earlier in the undergraduate
curriculum.

In this volume, a systematic development of probability and information is pre-
sented, much of which would be suitable for a two-semester course (either semesters 1
and 2 or 2 and 3) of an undergraduate degree. This would then provide the background

xiii



for further courses, both from a pure and applied point of view, in probability and
statistics.

I feel that it is natural to view the mathematics of information as part of probability
theory. Clearly, probability is needed to make sense of information theoretic concepts.
On the other hand, these concepts, as the maximum entropy principle shows (see
Chapter 6), can then help us to make ‘optimal’ probability assignments. It is interesting
that this symbiosis between the two subjects was anticipated by two of the greatest
probabilists of the twentieth century, as the following two quotations testify:

There is no doubt that in the years to come the study of entropy will become a permanent
part of probability theory.

(A. 1. Khinchin: Mathematical Foundations of Information Theory)

Finally, I would like to emphasise that I consider entropy and information as basic concepts
of probability and I strongly recommend that the teacher should spend some time in the
discussion of these notions too.

(A. Renyi: Remarks on The Teaching of Probability)

Some aspects of the subject which are particularly stressed in this volume are as
follows:

(i) There is still a strong debate rageing (among philosophers and statisticians, if not
mathematicians) about the foundations of probability which is polarised between
‘Bayesians’ and ‘frequentists’. Such philosophical problems are usually ignored in
introductory texts but I believe this sweeps a vital aspect of the subject under
the carpet. Indeed, I believe that students’ grasp of probability will benefit by
their understanding this debate and being given the opportunity to formulate their
own opinions. My own approach is to distinguish between the mathematical con-
cept of probability (which is measure theoretic) and its interpretation in practice
which is where I feel the debate has relevance. These ideas are discussed further in
Chapters 1 and 4, but for the record I should declare my Bayesian tendencies.

(ii) As well as the ‘frequentist/Bayesian’ dichotomy mentioned above, another
approach to the practical determination of probabilities is the so-called classical
theory (or principle of insufficient reason), much exploited by the founders of
probability theory, whereby ‘equally likely’ events are automatically assigned equal
probabilities. From a modern point of view, this ‘principle of symmetry’ finds a
natural application in models where random effects arise through the interaction
of a large number of identical particles. This is the case in many scientific appli-
cations, a paradigm case being statistical mechanics. Furthermore, thanks to the
work of E. T. Jaynes, we now have a beautiful and far-reaching generalisation
of this idea, namely, the principle of maximum entropy, which is described in
Chapter 6 and which clearly illustrates how a knowledge of information theory
can broaden our understanding of probability.

(iii) The mathematical concept of probability is best formulated, as Kolmogorov taught
us, in terms of measures on o-algebras. Clearly, such an approach is too sophisti-
cated for a book at this level; I have, however, introduced some very simple measure
theoretic concepts within the context of Boolean algebras rather than o-algebras.
This allows us to utilise many of the benefits of a measure theoretic approach with-
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out having to worry about the complexities of o-additivity. Since most students
nowadays study Boolean algebra during their first year within courses on discrete
mathematics, the jump to the concept of a measure on a Boolean algebra is not
so great. (After revealing myself as a crypto-Bayesian, I should point out that this
restriction to finite-additivity is made for purely pedagogical and not idealogical
reasons. )

(iv) When we study vector spaces or groups for the first time we become familiar
with the idea of the ‘basic building blocks’ out of which the whole structure can
be built. In the case of a vector space, these are the basis elements and, for a
group, the generators. Although there is no precise analogy in probability theory,
it is important to appreciate the role of the Bernoulli random variables (i.e. those
which can take only two possible values) as the ‘generators’ of many interesting
random variables, for example a finite sum of i.i.d Bernoulli random variables has a
binomial distribution and (depending on how you take the limit) an infinite series
can give you a Poisson distribution or a normal distribution.

I have tried to present herein what I see as the ‘core’ of probability and information.
To prevent the book becoming too large, I have postponed the development of some
concepts to the exercises (such as convolution of densities and conditional expecta-
tions), especially when these are going to have a marginal application in other parts
of the book.

Answers to numerical exercises, together with hints and outlines of solutions for
some of the more important theoretical exercises, are given at the end of the book.
Teachers can obtain fully worked solutions as a LATEX file by electronic mail from
David Tranah at Cambridge University Press (dtranah@cup.cam.ac.uk).

Many authors nowadays, in order to be non-sexist, have dropped the traditional
‘he’ in favour either of the alternative ‘he/she’ or the ambidextrous (s)he. I intended
to use the latter, but for some strange reason (feel free to analyse my unconscious
motives) my word processor came out with s(h)e and I perversely decided to adopt it.
I apologise if anyone is unintentionally offended by this acronym.

Finally it is a great pleasure to thank my wife, Jill Murray, for all the support she has
given me in the writing of this book. I would also like to thank two of my colleagues,
John Marriott for many valuable discussions and Barrie Spooner for permission to use
his normal distribution tables (originally published in Nottingham Trent University
Statistical Tables) in Appendix 4. It is a great pleasure also to thank Charles Goldie for
his careful reading of part of an early draft and valuable suggestions for improvement.
Last but not least my thanks to David Tranah at CUP for his enthusiasm for this
project and patient responses to my many enquiries.

D. Applebaum
1995



PREFACE TO THE SECOND EDITION

When I wrote the first edition of this book in the early 1990s it was designed as an
undergraduate text which gave a unified introduction to the mathematics of “chance”
and “information”. I am delighted that many courses (mainly in Australasia and the
USA) have adopted the book as a core text and have been pleased to receive so much
positive feedback from both students and instructors since the book first appeared.
For this second edition I have resisted the temptation to expand the existing text
and most of the changes to the first nine chapters are corrections of errors and typos.
The main new ingredient is the addition of a further chapter (Chapter 10) which
brings a third important concept, that of “time” into play via an introduction to
Markov chains and their entropy. The mathematical device for combining time and
chance together is called a “stochastic process” and these are playing an increasingly
important role in mathematical modelling in such diverse (and important) areas as
mathematical finance and climate science. Markov chains form a highly accessible
subclass of stochastic (random) processes and nowadays these often appear in first
year courses (at least in British universities.) From a pedagogic perspective, the early
study of Markov chains also gives students an additional insight into the importance of
matrices within an applied context and this theme is stressed heavily in the approach
that is presented here which is based on courses taught at both Nottingham Trent and
Sheffield universities.

I would like to thank all readers (too numerous to mention here) who sent me com-
ments and corrections for the first edition. Special thanks are due to my colleagues -
Paul Blackwell who patiently taught me enough S+ for me to be able to carry out the
simulations in Chapter 10 and David Grey who did an excellent job on proof-reading
the new chapter. Thanks are also due to staff at Cambridge University Press, partic-
ularly David Tranah and Peter Thompson for ongoing support and readily available
assistance.

David Applebaum (2007)
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1
INTRODUCTION

1.1 Chance and information

Our experience of the world leads us to conclude that many events are unpredictable
and sometimes quite unexpected. These may range from the outcome of seemingly
simple games such as tossing a coin and trying to guess whether it will be heads or
tails, to the sudden collapse of governments or the dramatic fall in prices of shares on
the stock market. When we try to interpret such events it is likely that we will take one
of two approaches—we will either shrug our shoulders and say it was due to ‘chance’
or we will argue that we might have have been better able to predict, for example, the
government’s collapse if only we’d had more ‘information’ about the machinations of
certain ministers. One of the main aims of this book is to demonstrate that these two
concepts of ‘chance’ and ‘information’ are more closely related than you might think.
Indeed, when faced with uncertainty, our natural tendency is to search for information
which will help us to reduce the uncertainty in our own minds; for example think of
the gambler about to bet on the outcome of a race and combing the sporting papers
beforehand for hints about the form of the jockeys and horses.

Before we proceed further we should clarify our understanding of the concept of
chance. It may be argued that the tossing of fair, unbiased coins is an ‘intrinsically
random’ procedure in that everyone in the world is equally ignorant of whether the
result will be heads or tails. On the other hand, our attitude to the fall of governments
is a far more subjective business—although you and I might think it extremely unlikely,
the prime minister and his or her close advisors will have the ‘inside information’ that
guarantees that it’s a pretty good bet. Hence, from the point of view of the ordinary
citizen of this country the fall of the government is not the outcome of the play of
chance; it only appears that way because of our ignorance of a well-established chain
of causation.

Irrespective of the above argument we are going to take the point of view in this
book that regards both the tossing of coins and the fall of governments as falling
within the province of ‘chance’. To understand the reasoning behind this let us return
once again to the fall of the government. Suppose that you are not averse to the
occasional flutter and that you are offered the opportunity to bet on the government
falling before a certain date. Although events in the corridors of power may already be
grinding their way inexorably towards such a conclusion, you are entirely ignorant of
these, so, from your point of view, if you decide to bet, then you are taking a chance
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which may, if you are lucky, lead to you winning some money. This book provides a
tool kit for situations such as this one, in which ignorant gamblers are trying to find
the best bet in circumstances shrouded by uncertainty.

Formally, this means that we are regarding ‘chance’ as a relation between individuals
and their environment. In fact, the basic starting point of this book will be a person
moving through life and encountering various clear-cut ‘experiences’ such as repeatedly
tossing a coin or gambling on the result of a race. So long as the outcome of the
experience cannot be predicted in advance by the person experiencing it (even if
somebody else can), then chance is at work. This means that we are regarding chance
as ‘subjective’ in the sense that my prediction of whether or not the government will
fall may not be the same as that of the prime minister’s advisor. Some readers may
argue that this means that chance phenomena are unscientific but this results from a
misunderstanding of the scientific endeavour. The aim of science is to obtain a greater
understanding of our world. If we find, as we do, that the estimation of chances of
events varies from person to person, then our science would be at fault if it failed to
reflect this fact.

1.2 Mathematical models of chance phenomena

Let us completely change track and think about a situation that has nothing whatever
to do with chance. Suppose that we are planning on building a house and the dimen-
sions of the rectangular base are required to be 50 feet by 25 feet (say). Suppose that
we want to know what the lengths of the diagonals are. We would probably go about
this by drawing a diagram as shown in Fig. 1.1, and then using Pythagoras’ theorem
to calculate

d = ((50) + (25)%)Y/% = 55.9ft

Let us examine the above chain of reasoning a little more closely. First of all we have
taken the walls and floors of a real house that we are proposing to build which would
consist of real bricks and mortar, and have represented these by an abstract drawing
consisting of straight lines on paper. Of course, we do this because we know that the
precise way in which the walls are built is irrelevant to the calculation we are going to
make. We also know that our walls and floorboards do not intersect in exact straight
lines but we are happy to use straight lines in our calculation in the knowledge that
any errors made are likely to be too tiny to bother us.

Our representation of the floorplan as a rectangle is an example of a mathematical
model—an abstract representation of part of the world built out of idealised elements.

25 ft




1.2 Mathematical models of chance phenomena 3

The next stage of our analysis is the calculation of the diagonal length, and this
involves the realisation that there is a mathematical theory—in this case, Euclidean
geometry—which contains a rich compendium of properties of idealised structures
built from straight lines, and which we can use to investigate our particular model.
In our case we choose a single result from Euclidean geometry, Pythagoras’ theorem,
which we can immediately apply to obtain our diagonal length. We should be aware
that this number we have calculated is strictly a property of our idealised model and
not of a real (or even proposed) house. None the less, the fantastic success rate over
the centuries of applying Euclidean geometry in such situations leads us to be highly
confident about the correspondence with reality.

The chain of reasoning which we have outlined above is so important that we have
highlighted it in Fig. 1.2.

Now let us return to the case of the experience of chance phenomena. We’ll consider
a very simple example, namely, the tossing of a coin which we believe to be fair. Just as
it is impossible to find a real straight line in nature, so is it impossible to manufacture
a true ‘fair’ coin—indeed, it is an interesting exercise to speculate how you would test
that a coin which it is claimed is perfectly unbiased really is so. I recommend that you
think about this question carefully and return to reconsider your answer after you've
read Chapter 4. Whether or not you believe in the existence of real fair coins, we are
going to consider the behaviour of idealised fair coins as a mathematical model of our
real coins. The mathematical theory which then plays the role of Euclidean geometry
is called probability theory and the development of the basic ideas of this theory is the
goal of this book.

One of the main aims of probability theory is, as you might expect, the calculation
of probabilities. For example, most of you would agree I'm sure that the probability of
a fair coin returning heads is exactly % However, although everyone is fairly confident

MATHEMATICAL
THEORY

abstraction application

application

calculation

PREDICTION

Fig. 1.2.
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about how to assign probabilities in simple cases like this, there is a great deal of
confusion in the literature about what ‘probability’ means.

We should be aware that probability is a mathematical term which we use to inves-
tigate properties of mathematical models of chance phenomema (usually called proba-
bilistic models) So ‘probability’ does not exist out in the real world. None the less, the
applications of the subject spread into nearly every corner of modern life. Probability
has been successfully applied in every scientific subject (including the social sciences).
It has been used to model the mutation of genes, the spread of epidemics (including
AIDS) and the changing prices of shares on the stock market. It is the foundation of
the science of statistics as well as of statistical mechanics—the physical study of bulk
properties of large systems of particles such as gases. We will touch on both these
subjects in this book, although our main application will be to use probability to give
mathematical meaning to the concept of ‘information’, which is itself the foundation
for the modern theory of communication systems.

The precise definition of probability must wait until Chapter 4, where we will see
that it is a kind of generalised notion of ‘weight’ whereby we weigh events to see how
likely they are to occur. The scale runs from 0 to 1, where 1 indicates that an event
is certain to happen and 0 that it is impossible. Events with probabilities close to %
are the most uncertain (see Chapter 6).

Just as we develop Pythagoras’ theorem in Euclidean geometry and then apply it
to mathematical models as we have described above, so we will develop a number of
techniques in this book to calculate probabilities, for example if we toss a fair coin
five times in a row, by using the binomial distribution (see Chapter 5), we find that
the probability of obtaining three heads is %. If we now want to apply this result
to the tossing of real coins, then the situation is somewhat more complicated than
in our geometrical example above. The reason for this is of course that ‘chance’ is
a much more complex phenomenon to measure than, say, the length of a wall. In
fact, the investigation of the correspondence between chance phenomena in the real
world and the predictions of probabilistic models really belongs to the domain of
statistics and so is beyond the scope of this book. Here we will be solely concerned with
developing methods of calculating probabilities and related concepts, such as averages
and entropies, which enable us to analyse probabilistic models as fully as possible.
This is the domain of the subject of probability theory.

The range of probability theory as we describe it in this book is much wider than
that considered by many other authors. Indeed, it is common for textbooks to consider
only chance situations which consist of ‘scientific’ experiments which can be repeated
under the same conditions as many times as one wishes. If you want to know the
probability of a certain outcome to such an experiment, I'm sure you’ll agree that the
following procedure will be helpful, that is, you repeat the experiment a large number
of times (n, say) and you count the number of incidences of the outcome in question. If
this is m, you calculate the relative frequency m/n; for example if a coin is tossed 100
times in succession and 60 heads are observed, then the relative frequency of heads
is 0.6.

Many mathematicians have attempted to define probability as some kind of limit
of relative frequencies, and it can’t be denied that such an approach has an appeal.
We will discuss this problem in greater detail in Chapters 4 and 8—for now you
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may want to think about how such a limit can be calculated in practice. The most
rational approach to the problem of relative frequencies is that advocated by the
Bayesian school (see Chapter 4). They argue that having made a probabilistic model
of a chance experiment, we use all the theoretical means at our disposal to assign prior
probabilities to all the possible outcomes. We then collect our observations in the form
of relative frequencies and use the knowledge gained from these to assign new posterior
probabilities. So relative frequencies are treated as evidence to be incorporated into
probability assignments.

1.3 Mathematical structure and mathematical proof

As probability is a mathematical theory, we need to be clear about how such theories
work. A standard way of developing mathematical theories has evolved which goes
back to Euclid’s geometry. This approach has been developed extensively during the
twentieth century and we are going to use it in this book.

First we should note that a mathematical theory is a systematic exposition of all
the knowledge we possess about a certain area. You may already be familiar with
some examples such as set theory or group theory. The essence of a mathematical
theory is to begin with some basic definitions, called azioms, which describe the main
mathematical objects we are interested in, and then use clear logical arguments to
deduce the properties of these objects. These new properties are usually announced
in statements called theorems and the arguments that we use to convince ourselves of
the validity of these theorems are proofs. Sometimes it becomes clear as the theory
develops that some new concepts are needed in addition to those given in the axioms,
and these are introduced as definitions.

In probability theory the basic concept is that of a probability measure, for which
the axioms are given at the beginning of Chapter 4 (the axioms for the more general
concept of measure are given in Chapter 3). One of the most important additional
concepts, introduced in Chapter 5, is that of a random variable.

There are a number of standard techniques used throughout mathematics for prov-
ing theorems. One of the most important is that of proof by mathematical induction.
We will use this extensively in the text and if you are not familiar with it you may
wish to read Appendix 1. Another useful technique is that of ‘proof by contradiction’,
and we will give a statement and example of how to use this below, just to get you
into the swing of things.

Let @ be a proposition that you believe to be true but which you can’t prove directly
to be true. Let ~ @ be the negation of @ (so that if, for example, Q is the statement ‘I
am the prime minister’, ~ @ is the statement ‘I am not the prime minister’). Clearly,
either @ or ~ @ (but not both) must hold. The method of the proof is to demonstrate
that if ~ @ is valid, then there is a contradiction. Since contradictions are forbidden
in mathematics, ~ @ cannot be valid and so @ must be.

In the example given below, @ is the proposition ‘4/2 is an irrational number’, so
that ~ @ is the proposition ‘y/2 is a rational number’. We feel free to use the fact that
the square root of an even number is always even.

Theorem 1.1 /2 is an irrational number.
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Proof We suppose that /2 is rational so we must be able to write it in its lowest
terms as

a
\/2—5

Hence, a = /2b and squaring both sides, a? = 2b2, so that a? is even and hence a is
also even. If a is even there must be a whole number ¢ (say) such that a = 2¢ and so
a® = 4c2.

Substituting for a? in the earlier equation a? = 2b? yields 4c¢*> = 2b% and so b* = 2¢?;
hence b? and also b is even. Thus we can write b = 2d for some whole number d. We
now have

a 2c ¢
VIZ3TadTa

But this contradicts the assumption that ¢ was the expression for /2 in its low-
est terms. O

The symbol [0 appearing above is commonly used in mathematics to signify ‘end
of proof’.

We close this section by listing some additional mathematical nomenclature for
statements:

Lemma—this is usually a minor technical result which may be a stepping stone
towards a theorem.

Proposition—in between a lemma and a theorem. Sometimes it indicates a theorem
from a different branch of mathematics which is needed so that it can be
applied within the current theory.

Corollary—a result which follows almost immediately from the theorem with very
little additional argument.

1.4 Plan of this book

This is an introductory account of some of the basic ideas of probability theory and
information theory. The only prerequisites for reading it are a reasonable ability at
algebraic manipulation and having mastered a standard introductory course in the
calculus of a single variable, although calculus is not used too often in the first seven
chapters. The main exception to this is the extensive use of partial differentiation
and, specifically, Lagrange multipliers in Section 6.4, but if you are not familiar with
these, you should first read Appendix 2 at the end of the book. You should also brush
up your knowledge of the properties of logarithms before starting Chapter 6. I have
tried to avoid any use of rigorous mathematical analysis but some sort of idea of the
notion of a limit (even if only an intuitive one) will be helpful. In particular, if you
find the discussion of integration in Section 8.3 too difficult, you can leave it and all
subsequent references to it without any great loss. For Chapter 9 you will need to know
the rudiments of double integration. Chapter 10 requires some knowledge of matrix
algebra and all of the material that you need from this area is reviewed in Appendix 5.
Two sections of the book, Sections 6.6* and 7.5*, are somewhat more difficult than
the rest of the book and you may want to skip these at the first reading.
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At the end of each chapter you will find a set of exercises to work through. These
days many textbooks carry the health warning that ‘the exercises are an integral part
of the text’ and this book is no exception—indeed, many results are used freely in the
text that you are invited to prove for yourself in the exercises. Solutions to numerical
exercises and some of the more important theoretical ones can be found at the end of
the book. Exercises marked with a (*) are harder than average; you may wish to skip
these (and any other starred section) at the first reading. You will also find at the end
of each chapter some guidance towards further reading if you want to explore some of
the themes in greater detail.

Now a brief tour through the book. Chapter 2 describes a number of counting
tricks that are very useful in solving probabilistic problems. In Chapter 3 we give a
brief account of set theory and Boolean algebra, which are the modern context of
probability theory. In particular, we learn how to ‘measure’ the ‘weight’ of a set. In
Chapter 4, we find that this measuring technique is precisely the mathematical tool
we need to describe the probability of an event. We also learn about conditioning
and independence and survey some of the competing interpretations of probability.
Discrete random variables are introduced in Chapter 5, along with their properties of
expectation and variance. Examples include Bernoulli, binomial and Poisson random
variables.

The concepts of information and entropy are studied in Chapter 6. Entropy is one
of the most deep and fascinating concepts in mathematics. It was first introduced
as a measure of disorder in physical systems but for us it will be most important in
a dual role as representing average information and degree of uncertainty. We will
present the maximum entropy principle, which employs entropy as a tool in selecting
(prior) probability distributions. Chapter 7 applies information theoretic concepts to
the study of simple models of communication. We investigate the effects of coding on
the transmission of information and prove (in a simple case) Shannon’s fundamental
theorem on the (theoretical) conditions for optimal transmission.

In the next two chapters we generalise to random variables with continuous ranges.
In particular, in Chapter 8 we establish the weak law of large numbers, examine the
normal distribution and go on to prove the central limit theorem (perhaps the most
important result in the book). We also examine the continuous analogue of entropy.
Random vectors and their (multivariate) distributions are studied in Chapter 9 and
we use these to investigate conditional density functions. We are then able to analyse
a simple model of the communication of continuous signals. So far all of the theoret-
ical development and modelling has been “static” in that there has been no attempt
to describe the passing of time. Chapter 10 addresses this problem by introducing
(discrete-time) Markov chains which form an important class of random processes.
We study these from both the probabilistic and information theoretic viewpoints and
one of the highlights is the derivation of a very attractive and concise formula for the
entropy rate of a stationary Markov chain. Some readers may feel that they already
know about probability and want to dive straight into the information. They should
turn straight to Chapters 6 and 7 and then study Sections 8.7, 9.6, 9.7 and 10.6.

The concept of probability which we develop in this book is not the most general
one. Firstly we use Boolean algebras rather than o-algebras to describe events. This is
a technical restriction which is designed to make it easier for you to learn the subject,
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and you shouldn’t worry too much about it; more details for those who want them are
given at the end of Chapter 4. Secondly and more interestingly, when we descend into
the microscopic world of atoms, molecules and more exotic particles, where nature
reveals itself sometimes as ‘particles’ and other times as ‘waves’, we find that our
observations are even more widely ruled by chance than those in the everyday world.
However just as the classical mechanics of Newton is no longer appropriate to the
description of the physics in this landscape, and we have instead to use the strange
laws of quantum mechanics, so the ‘classical’ probability which we develop in this
book is no longer adequate here and in its place we must use ‘quantum probability’.
Although this is a rapidly growing and fascinating subject it requires knowledge of a
great deal of modern mathematics which is far beyond the scope of this book and so
must be postponed by the interested reader for later study.



2
COMBINATORICS

2.1 Counting

This chapter will be devoted to problems involving counting. Of course, everybody

knows how to count, but sometimes this can be quite a tricky business. Consider, for

example, the following questions:

(i) In how many different ways can seven identical objects be arranged in a row?

(ii) In how many different ways can a group of three ball bearings be selected from a
bag containing eight?

Problems of this type are called combinatorial. If you try to solve them directly by
counting all the possible alternatives, you will find this to be a laborious and time-
consuming procedure. Fortunately, a number of clever tricks are available which save
you from having to do this. The branch of mathematics which develops these is called
combinatorics and the purpose of the present chapter is to give a brief introduction
to this topic.

A fundamental concept both in this chapter and the subsequent ones on probability
theory proper will be that of an ‘experience’ which can result in several possible
‘outcomes’. Examples of such experiences are:

(a) throwing a dice where the possible outcomes are the six faces which can appear,
(b) queueing at a bus-stop where the outcomes consist of the nine different buses,
serving different routes, which stop there.

If A and B are two separate experiences, we write A o B to denote the combined
experience of A followed by B. So if we combine the two experiences in the examples
above we will find that Ao B is the experience of first throwing a die and then waiting
for a bus. A natural question to ask is how many outcomes there are in Ao B. This is
answered by the following result.

Theorem 2.1 (the basic principle of counting) Let A and B be two experiences which
have n and m outcomes, respectively, then A o B has nm outcomes.

Proof The outcomes of A o B can be written in the form
(outcome of experience 1, outcome of experience 2)
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If we now list these, we obtain:

(1), (2),  (n,m)

so we have n rows containing m outcomes in each row, and hence nm outcomes in total.

O

Example 2.1 A computer manufacturer has 15 monitors, each of which can be con-
nected to any one of 12 systems for shipping out to retail outlets. How many different
combinations of systems and monitors are there?

Solution By Theorem 2.1, there are 12 x 15 = 180 different combinations.

Theorem 2.1 has a useful generalisation which we now give. Suppose that
Ay, As, ..., A, are r separate experiences with ni,no,...,n, outcomes, respectively.

Theorem 2.2 (generalised principle of counting) The combined experience A; o Ay o
...0 A, has nins...n, outcomes.

Proof We use the technique of mathematical induction (see Appendix 1 if this is not
familiar to you). We have seen in Theorem 2.1 that the result holds for r = 2. Now
suppose that it is true for r — 1 so that A0 Aso0...0A,_1 has nins...n,_, outcomes;
then by Theorem 2.1 again, AjoAso...0A,. = (Aj0As0...0A,_1)0A, hasniny...n,
outcomes, as required. O

Example 2.2 The host Bob Moneybanks of the gameshow ‘Mug of the Moment’ has to
choose the four contestants for next week’s show. He asks his assistant Linda Legless
to pass on to him her favourite candidates on four subsequent days and he proposes
to choose one contestant on each day. She offers him seven candidates on Monday, five
on Tuesday, two on Wednesday and eight on Thursday. How many possible choices
does he have?

Solution By Theorem 2.2, there are 7 x 5 x 2 x 8 = 560 choices

2.2 Arrangements

Imagine that you have bought a new compact disc holder and you are trying to
establish what is the best order for four CDs which you have chosen to keep in there.
If we label the CDs A, B, C and D we see that there are a number of different ways
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in which they can be ordered. If we write out all the possible orderings, we obtain

e g
wRwNeNeNesMve
QWO wWwgoQ
wawoauo
WHWwWwwmww
oo QaQe >
QO 0Q
Q@ 0Qd
oNoNoNoNoN@!
wilwiliveRivells e
el Sl ol Sl w e
> W 0Owo
vhvBvlwlvlw
QQwWwE = »
W= QuW
> QWA

so that there are 24 possible arrangements. This was fairly tedious to write out and
if we had a larger CD holder which held, for example, ten discs, it would have been
an extremely laborious task. We now approach the problem from a slightly different
point of view.

Let S be the experience of choosing the first CD. Clearly, we can choose any of A,
B, C or D to be the first so that S; has four outcomes. Now let S5 be the experience
of choosing the second CD. As the first has already been chosen, there are only three
possible outcomes left for S5. If we now define S3 and Sy to be the experiences of
choosing the third and fourth CDs, then these have two and one outcomes respectively.
Now the number of ways of arranging the four CDs is clearly the number of outcomes
for the combined experience S; 05505305, which, by Theorem 2.2,is 4 x3x2x1 = 24.

The generalisation of the above example is contained in the following theorem:

Theorem 2.3 The number of distinct arrangements of n objects in a row is n(n —
1)(n—2)...3.2.1.

The justification for Theorem 2.3 is a straightforward application of Theorem 2.2
(for a formal proof try Exercise 2.3 below). Note that arrangements of objects are
sometimes called ‘permutations’.

The numbers appearing in the statement of Theorem 2.3 are so important that they
have their own symbol.

We write n! = n(n — 1)(n —2)...3.2.1 for n > 1, where n is a whole number. n! is
called ‘n factorial’.

We have already seen that 4! = 24 in the example above. You should try some
other examples for yourself (to save time in complicated computations, note that most
pocket calculators have an n! button).

A number of formulae which we’ll see later become simplified notationally if we
adopt the convention that

or=1
Example 2.3 A CD disc holder has two compartments, each of which holds five CDs.

If T have five rock CDs and five classical CDs, in how many different ways can I store
them if

(a) they are all mixed together,
(b) the rock and classical CDs are to be stored separately?

Solution
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(a) By Theorem 2.3, the number of arrangements is
10! = 3 628 800.

(b) Each group of five CDs can be arranged in 5! ways, since we can have either the
rock music in the left-hand compartment and the classical music in the right, or
vice versa it follows from Theorem 2.2 that the total number of arrangements is

2(5!)? = 28 800.

2.3 Combinations

In this section we want to solve problems such as that described in Section 2.1, example
(ii), where we want to know how many ways a group of r objects can be taken from
a larger group of n. There are two ways in which this can be done.

2.3.1 Sampling with replacement

In this case, objects are removed from the main group and then returned to that
group before the next selection is made. Clearly, there are n ways of taking the first
object, n ways of taking the second object and n ways of taking every object up to
and including the rth. A simple application of Theorem 2.2 then tells us that the total
number of ways of choosing r objects from n is n”.

2.3.2 Sampling without replacement

In this case, whenever we remove an object from the main group it is not returned
so that the main group decreases in size by one after each inspection. Here there are
two subcases to consider. To understand the distinction between these, suppose I have
a container containing red, blue and yellow balls in various quantities and I make a
bet with a friend that if I draw out three balls in succession, s(h)e will pay me £1 if
I obtain a red on the first ball, 50p if I obtain a red on the second ball and 10p if
I obtain a red on the third ball. Clearly, then, it will be of some significance to me
whether I draw out balls in the order (red, blue, yellow) or (yellow, red, blue) or (blue,
yellow, red), even though we may be drawing the same three balls on each occasion.
In this case, we say that the order is relevant. Alternatively if, for example, I were to
draw three identical balls (all of the same colour) from a container, then it makes no
difference whether I draw (ball 1, ball 2, ball 3) or (ball 2, ball 3, ball 1) or (ball 3,
ball 1, ball 2), etc. In this case we say that the order is irrelevant. We study each of
these different possibilities in turn.

Order relevant

We argue as follows. Since we are not replacing objects, there are n ways of removing
the first, (n — 1) ways of removing the second, (n — 2) ways of removing the third and
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in general, (n — r + 1) ways of removing the rth. Hence by Theorem 2.2, the total
number of ways is

nn—1)(Mn-2)...(n—r+1)

This can be written in a neater way if we multiply the top and bottom by (n — r)!;
we then find that
n!

n(n—l)(n—2)---(n_r+1):m

The numbers (n’i—'r, are sometimes denoted by the symbol nPr. Many modern calcu-
lators have a facility for calculating them directly.

Order irrelevant

We proceed as in (i) above to obtain (n"f'r), groups of size r. However, now that the
order doesn’t matter, we have too many of these groups; indeed any arrangement of a
group just involves changing the order and so should not be counted separately. Now
we know from Theorem 2.3 that there are r! ways of rearranging a group of r objects;
consequently the number obtained in (i) is too big by a factor of r! Hence, we see that
the total number of ways is

n!

These numbers are called binomial coefficients (for reasons which will be revealed
below). We use the notation

n\ n!

r)  (n—r)!

Again, these numbers can be obtained directly from calculators, where they are usually
designated by the older notation nCr.
Readers should convince themselves of the following simple facts:

()= G2 ()= ()= ()= =

Before further investigation of the properties of binomial coefficients, we’ll summarise
our results on sampling.

Theorem 2.4 Suppose a group of r objects is chosen from a larger group of size n.
The number of possible groups of size r is

(i) n" if the sampling is with replacement,

(i) #‘T), if the sampling is without replacement and the order is relevant,

(i) (7) = (n+«|)'r' if the sampling is without replacement and the order is irrelevant.

Example 2.4 Find how many groups of three ball-bearings can be obtained from a
bag containing eight, in each of the three cases listed above.

Solution
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(i) If we sample with replacement, we find that we have
8% = 512 possible groups.

(ii) Sampling without replacement when the order is relevant, we have

8! 8!
m = 5 =336 possible groups.

(iii) Sampling without replacement when the order is irrelevant we have

8 8! .
5 = R = 56 possible groups.

Example 2.5 Mathematics students have to attempt seven out of ten questions in an
examination in any order. How many choices have they? How many do they have if
they must answer at least three out of the first five?

Solution Clearly, we are sampling without replacement and the order is irrelevant.
For the first part, we have

number of choices = <170) =120

For the second part, we have three possibilities: we can answer three out of the first five
and four out of the second five or four out of the first five and three out of the second
five or five out of the first five and two out of the second five. Hence by Theorems 2.1
and 2.4(iii), we have

s = ()0)+()6) () ) -

The generalisation of the formula (z + y)? = 22 + 22y + y? to the case where 2 is
replaced by n is called the binomial theorem and should be well known to readers. We
give a combinatorial proof of this result below which should explain the designation
of the (Z)s as binomial coefficients.

Theorem 2.5 For all positive integers n and real numbers x and y, we have

wrpr =3 (e

=0

Proof Writing (z +y)" = (z+y)(x + y)...(z +y) it should be clear to the reader

that when the brackets are expanded, every term of the form x™ "y" appears in the
expansion so we have

(z+y)" =a" +aa" Ty + oot aa" Y et anay" Ty

and it remains only to identify the numbers a,.. However, a, is precisely the number
of ways in which (n —r)xs can be chosen from a group of n (or alternatively r ys from
a group of n), and since the order is clearly irrelevant, this is nothing but (?) and the
result follows. O
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There is a nice pattern that can be obtained by writing the binomial coefficients
which occur in (2 4+ y)™ in a line on top of those which occur in (z + 3)"*! and then
repeating this process, starting from n = 0. We obtain Pascal’s triangle:

1 (x+y)°

1 1 (z+y)!

1 2 1 (z+y)?

1 3 3 1 (z+y)?

1 4 6 4 1 (x+y)*

1 5 10 10 5 1 (z+y)°

etc.

Notice that (apart from the 1s, which give the ‘frame’) each number in the triangle is
the sum of the two directly above it. This is explored further in Exercises 2.7.

2.4 Multinomial coefficients

There is a generalisation of the binomial coefficients discussed in the previous section
which we will now describe briefly. Suppose that we have N objects and we wish to
divide them up into k different groups so that there are ny objects in the first group,
ng in the second group, ..., ng in the kth group. Notice that we must have

ni+neg+--+npg=N

We ask the question, ‘how many different ways can this division into the k groups be
carried out?’ Using similar reasoning to that of the previous section (see Exercise 2.13),
we find that the answer is given by the multinomial coefficients:

( N ) N!
ny,No, ..., Nk nilna! ... ny!

We recover the binomial coefficients in the case & = 2. Just as the binomial coeffi-
cients are related to the binomial theorem, so the multinomial coefficients occur in the

multinomial theorem, which states that for all real numbers x1, zo,..., Tk
(I1+$2+"'+$k)N—Z< N )Iruxnz "k
ny,na,..., Nk L 2 k
where the sum is over all possible positive integer values of ny,no,...,ng such that

the constraint ny + ng + -+ - + np = N is satisfied. The proof is similar to that of the
binomial theorem above and is left to the reader.

An important application of the multinomial coefficients occurs in that branch of
physics called statistical mechanics. The science of mechanics tells us that the dynam-
ical behaviour of most everyday-size objects can, in principle, be calculated exactly
via Newton’s laws of motion if we can specify the initial conditions precisely, that is,
the position and momentum at some convenient starting time. There are a number of
problems which can interfere with the successful application of this recipe:

(a) Some relevant constituents of the object in question are of atomic size. In this
case Newton’s laws are no longer valid and we must apply the theory of quantum
mechanics instead.
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(b) If some part of the interaction is described by a non-linear function, then slight
changes in the initial conditions can have uncontrollable effects on the dynami-
cal behaviour. This is called ‘sensitivity to initial conditions’ and is one of the
hallmarks of chaos.

(¢) The object in question may consist of so many constituent particles that there is
no conceivable way in which we can discover all the initial conditions (an example
would be a gas held in some container). In this case, we have to give up trying to
use Newton’s laws to track the precise motion of each particle, and seek instead
a more limited (probabilistic) description of the dynamics of the gas as a whole.
This is the purpose of statistical mechanics.

Now suppose that we are trying to model the behaviour of a gas in a container. Let
us suppose that we have some information about the gas, namely, that it consists of
N identical particles and that each particle can only have one of k possible energies
Ey,Es,...,E;. A configuration of the gas is a distribution of the particles whereby
n1 of them have energy FEj,no have energy Fs,... and ni have energy Fj, where
n1 +ng + -+ +ng = N. Since the order is irrelevant, we see that the total possible
number of distinct configurations is

< N > N!
N1, N9, ..., N nilng! ... ng!

Systems of particles whose configurations are counted in this way are said to be
subject to Boltzmann statistics (a better terminology would be ‘Boltzmann counting’)
in honour of Ludwig Boltzmann, a nineteenth-century physicist who was one of the
founders of statistical mechanics. Two alternative methods of counting are used in
quantum mechanics to count configurations for gases, all of whose particles consist
either of bosons or fermions. These are associated with Bose—Einstein and Fermi—Dirac
statistics respectively.

2.5 The gamma function (*)

When we begin to learn mathematics, we encounter a number of important functions
which play a prominent role in both theory and applications, such as polynomials,
exponentials, logarithms and the trigonometric functions. In this section we will meet
another function of this type whose role is to generalise n! to all real numbers. The
following lemma gives a major clue as to how to do this.

Lemma 2.6 For all non-negative whole numbers n

oo
n!z/ e “x"dx
0

Proof We use induction. First observe that when n = 0, we have

/ e *de=1=0!
0
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so the result is true in this case. Now suppose that the result holds for some n; then
using integration by parts, we find that

/ e Tx"Mldar = [—e_””:v"“]go—i—/ e “(n+1)z"dz
0 0

= (n+ 1)/ e Pz"dx = (n+ 1)n!
0

= (n+1!)

where we have used the fact that for n =0,1,2,...,lim, .., e *z™ = 0. O

Based on Lemma 2.6, we define the gamma function I'(«) for all real values «, by

INa) = / e Tz lde
0
so that when « is a non-negative whole number, we have
INa) = (a—1)!

(We use 2%~ ! rather than the more natural z® in the integral for historical reasons.)
The gamma function extends the ‘factorial’ property to all real numbers as the
following result shows.

Lemma 2.7 For all real numbers «

MNa+1)=al(a)
Proof Integration by parts as in the previous lemma. l

We will meet the gamma function again in later chapters. It features in some intrigu-
ing formulae, and in Appendix 3 you may find the result

I1/2)=+/n

which seems a long way from n!!

FExercises

2.1. A game is constructed in such a way that a small ball can travel down any one of
three possible paths. At the bottom of each path there are four traps which can
hold the ball for a short time before propelling it back into the game. In how many
alternatives ways can the game evolve thus far?

2.2. In how many different ways can seven coloured beads be arranged (a) on a straight
wire, (b) on a circular necklace?

2.3. Prove Theorem 2.3.

2.4. Obtain (g), (g) and (D at first without using a calculator, then check your results
on the machine.

2.5. In how many different ways (e.g. in a game of poker) can five distinct cards be
dealt from a hand of 527
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2.6. Find n if () = (}).

2.7. Show that () + (Til) = (:_ﬁ) and comment on the relationship between this
identity and the form of Pascal’s triangle.

2.8. In a lottery, the top three prizes, which are all different and of diminishing value,
are allocated by drawing out of a hat. If there are 15 entrants, how many different
winning combinations are there?

2.9. In a party game a blindfolded player has three turns to correctly identify one of
the other seven people in the room. How many different possibilities are there for
the resolution of the game?

2.10. A young couple go out to buy four grapefruits for a dinner party they are hosting.
The man goes to greengrocer A where he has a choice of ten and the woman goes
to greengrocer B where she can choose from eight. In how many different ways can
the grapefruit be bought?

2.11. A firm has to choose seven people from its R and D team of ten to send to a
conference on computer systems. How many ways are there of doing this

(a) when there are no restrictions,

(b) when two of the team are so indispensable that only one of them can be per-
mitted to go,

(c) when it is essential that a certain member of the team goes.

2.12. By putting x = y = 1 in the binomial theorem, show that

()

2.13. Prove that the number of ways in which N objects can be divided into r groups of

N
niy,ng...,Nn, '
(o 0) = o)
n1,N2 ..., Mg—1,0 n1,M2, .. Nk—1)

2.15. Calculate the number of ways in which out of a group of 12 balls, three can be put

size ni,N9, ..., N, i

2.14. Show that

into a red box, five into a blue box and the rest into a yellow box.
2.16. Show that the number of ways that r indistinguishable objects can be placed into
n different containers is
n+r—1
(")

[Hint: Model the containers by adding (n — 1) barriers to the r objects.]
2.17. Repeat problem (16) with the proviso that each container must contain no less
than m objects (so r > nm). Show that when m = 1, the number of ways is

(7))

1
B(m,n) = /0 21— 2)" e

2.18.% Define the Beta function by
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where m and n are positive real numbers:

(i) Substitute @ = cos?(#) to show that
/2
B(m,n) =2 / cos®™~1(9) sin®"~1(6)do.
0
(ii) By substituting y? = x, show that
I(a) = 2/ enyym*ldy.
0
(iii) By use of polar coordinates and (ii) show that
/2
I'(m)T'(n) = 2T(m + n) / cos?™ () sin®"~1(9)dd
0

and hence deduce that
I'(m)I'(n)

Blm.m) = T )

(iv) Show that when m and n are positive integers
-1
Blm+1,n)= {n(m—’—n)} .

m

Further reading

Most books on probability theory have a section on combinatorics which covers essen-
tially the same material as given above. Two books are recommended in particular,
not just for this chapter, but for all the subsequent ones on probability, these being
A First Course in Probability Theory by Sheldon Ross (MacMillan, 1st edn 1976,
4th edn 1994) and FElementary Probability Theory with Stochastic Processes by K.
L. Chung (Springer-Verlag, 1979). An interesting book that takes the application of
combinatorics to probability theory far beyond the scope of the present volume is
Combinatorial Chance by F. N. David and D. E. Barton (Charles Griffin and Co. Ltd,
1962). An account of Boltzmann statistics will be obtained in any elementary text-
book on statistical mechanics. My own favourite is Statistical Physics by A. Isihara
(Academic Press, 1971). The gamma function is the simplest of a large number of
objects usually referred to as ‘special functions’ (the beta function of Exercises 2.18)
is another. A classic reference for these (and much more besides) is E. T. Whittaker
and G. N. Watson A Course of Modern Analysis (Cambridge University Press, 1920).
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SETS AND MEASURES

3.1 The concept of a set

A set is simply a list of symbols. Usually, each symbol in the set is the name of an
object which may be conceptual in origin or which may have a physical existence. The
members or elements of such a set are usually displayed within braces { } and separated
by commas. For example, in later chapters we will be much concerned with dice games
where the set of interest will contain the possible numbers which can appear on the
faces of a die. We will denote this set by S7; then we have

Sl = {17 25 3747 57 6}

It is useful to have a notation to indicate when a particular element is a member of a
certain set. We use the Greek letter € for this purpose; for example it is clear that 2
is a member of the set S;. We write this as

2€ 5,

and say that 2 belongs to S;.
Sometimes we may want to point out that a symbol of interest is not a member of
some set. This is carried out using the symbol &, so that we have, for example.

745

The only example of a set that we have considered so far consists of numbers, but this
is by no means typical. For example, the set Sy consists of the names of the planets
in the solar system:

Sy = {Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus,
Neptune, Pluto}

Both of the sets we have considered so far are finite, that is, they have only finitely
many members; however, many important sets are infinite. An example is the set N
of natural numbers:

N=1{1,2,3,4,...}

The notation. . .indicates that the list continues ad infinitum and there is no ‘finishing
point’. The set Z of integers is infinite in both directions:

Z={. —4,-3-2-1,0123.4,..}

20
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|
-3 -2 -1 0 1+ 2 3 4 5

Fig. 3.1.

The fractions or rational numbers are usually denoted by Q and we have

2 1 1 1.1 2
=== —4,-2.3,—=,-2,-1,0,1,2,=,3,>,4,= - .-
Q { 737727 b) 777727737737 }

Finally, we consider the set R of real numbers, that is, all those numbers which
represent distances from a fixed reference point on a straight line of infinite extent in
both directions (Fig. 3.1). R has such a complex structure that we don’t even try to list
its elements as we have done for Z and Q; however, we note that 7 e R, 7 ¢ Q, /2 € R
and /2 € Q, for example.

It is useful to have a notation for the number of elements in a set. For this we use
the symbol #, so that we have, for example,

#(51) =6, #(52) =9, #(N) = #(Z) = #(Q) = oo, #(R) = o0

Note: The reader may be puzzled that N,Z and Q all have the same (infinite)
number of elements, even though it appears that there are more numbers in Q than
there are in Z and more in Z than there are in N. Furthermore, I have denoted the
number of elements in R by the unexplained symbol co*, about which I am going to
tell you nothing except that it is a bigger number than oo! Further discussion of these
‘paradoxes of the infinite’ really goes beyond the scope of this book; however, a nice
introduction to these mysteries can be found in Kasner and Newman (see references
on page 36).

To bring us down to earth, we will introduce the notion of a subset. A set R is a
subset of a set S if R comprises some but not necessarily all of the elements of S. If
this is the case we write

RCS

For example,
if Rl = {2,4,6}, we have R1 g Sl
if Ry = {Mercury, Venus, Earth, Mars}, then Ry C Sy

The singleton sets of a given set are all those subsets comprising just a single element,
for example, the singleton sets of Sy are {1}, {2}, {3}, {4}, {5}, and {6}. It is important
to distinguish between, for example, 1 and {1}: 1 € S; but {1} C S;.

Note: Some books like to distinguish between proper and improper subsets. Thus R
is a proper subset of S if R is a subset and we exclude the possibility that R might be
S itself. In this case we write R C S. In all the examples above we could have written
C instead of C. None the less, in the rest of the book we will always use C, for when
we consider subsets in probability theory, we do not want to exclude the possibility
that R might indeed turn out to be S itself.

Subsets of R are usually defined by means of some recipe which must be satisfied for
all members. Important examples are the intervals: let a and b be two real numbers
with a < b. The closed interval [a, b] is the subset of R comprising all those real
numbers which lie between a and b, as shown in Fig. 3.2.
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T

a b

Fig. 3.2.

A formal definition of [a, b] is
[a,0] = {z e Rja <z < b}

Note that in the definition of [a, b] the semi-colon; should be read as ‘such that’.
We observe that each of the end-points a and b are themselves members of [a, b].
For example,

0 € [0,1],0.73 € [0,1],1.0001 & [0, 1], 0.5, 0.75] C [0, 1]

It will be useful for us to also have the concept of an open interval where the end-points
are not included. These are usually represented using round brackets so

(a,0) ={z e Rya <z <b}

For example,
0¢(0,1),1¢(0,1)...

Intermediate between the closed and open intervals are the half-open intervals where
only one end-point is included. These are defined by

(a,b] = {x € Rya < x < b}
and
[a,b) = {x € R,a <z < b}

For example,
0¢(0,1],1€(0,1],0€[0,1),1¢[0,1)

Our concept of ‘interval’ includes those that extend off to infinity in one or both
directions, for example (—oo, a], [b,00) and (—o0,00) = R.

Note that when dealing with intervals which are infinite in extent we always use a
round bracket next to the infinity to indicate that we never actually reach an infinite
point no matter how hard we strive. This is a technical point which you should not
worry about too much.

We often find ourselves dealing with a large number of subsets of a given set. In
this situation the Venn diagram is a useful device for giving us a quick insight into the
relationships between the various subsets. Suppose, for example, that Ry, Ro, R3 and
R4 are all subsets of S, and that we also know that Ry C Ri, Ry and R3 share some
elements in common but R4 has no elements in common with any of the other three
subsets. We would represent this situation in the Venn diagram shown in Fig. 3.3. The
set .S, which is drawn as a rectangular box, is sometimes called the universal set when
all other sets under consideration are subsets of it.

Ezercise: Find examples of subsets R, ..., R4 satisfying the above conditions when
S is (a) S7 (dice), (b) Sz (planets).
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3.2 Set operations

In this section we will discover methods of making new sets from old. For this purpose
we will consider a universal set S with subsets A, B, C, .. .throughout.

The first set we construct is the complement A of the set A which is simply the set
of all elements of .S which do not belong to A. Symbolically, we have

A={zeS;x¢gA}

A is represented as the shaded part of the Venn diagram in Fig. 3.4. For example, if
Sis Sy and A = {1,3,5}, then A = {2,4,6}.

Now for two sets A and B, their union AU B is the set of all elements of S which
either belong to A or belong to B or belong to both A and B. (So U represents the
‘inclusive—or’ concept). The precise definition is

AUB={ze S;x€ Aorz € Borz € both A and B}

The Venn diagram in Fig. 3.5 shows A U B shaded. For example, if § = S and
(denoting planets by their initial letters) A = {Me, E, J, N}, B = {E, Ma, J, S}, then
AUB = {Me, E, Ma, J, S, N}.

Finally, we introduce the intersection of the two sets A and B, which we denote as
AN B. These are precisely those elements of S which are members of both A and B.

A B

0

Fig. 3.5.
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Symbolically, we have
ANB={x € S;z € Aandz € B}

and this is shown pictorially in Fig. 3.6. For example, with S = S5 and A, B as above,
we have AN B = {F, J}. Note that

ANBCACAUB

and

ANBCBCAUB

which you can check by drawing a Venn diagram.

The empty set () is defined to be that set which has no elements whatsoever; ) may
seem a somewhat redundant object but we will find it serves many useful purposes.
Formally, we have

0=25

() is a subset of every set S. This may seem strange initially; to see that it is true first of
all observe that every subset of S can be obtained by removing various combinations
of its elements. Then () is the subset we get when we take away all the elements of S.

The subsets A and B are said to be disjoint if they have no elements in common,
that is, if

ANB=10

Pictorially, the Venn diagram in Fig. 3.7 demonstrates disjoint sets.

Ezercise: Find pairs of disjoint subsets in both S and Ss.

In the study of logic we aim to deduce the truth or falsity of propositions from that of
other, sometimes simpler, propositions. A key technique for making new propositions
from old is the use of the logical connectives ‘not’, ‘or’ and ‘and’. We have the following
analogy with set theory:
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Table 3.1. Boolean laws.

(B1) Idempotency AUA=AANA=A

(B2)  Associativity AN(BNC)=(ANnB)NC
AU(BUC)=(AUuB)UC

(B3) Commutativity ANB=BNA;AUB=BUA

(B4) Distributivity AN(BUC)=(ANnB)U(ANCQC)
AU(BNC)=(AUB)N(AUCQC)

(B5) de Morgan’s laws AUB=ANB
ANB=AUB

(B6) Properties of the com- A=A;ANA=10

plement

AuAd=S

(B7) Properties of S and 0 AUS=S5;AnS=A
AUD=A;AN0=10

SET THEORY LOGIC

Subset Proposition
Complement Not

Union Or (inclusive)
Intersection And

Sometimes we have to simplify quite complicated expressions involving many strings
of subsets. The laws of Boolean algebra facilitate these procedures (Table 1). Properties
(B2)—(B5) can all be checked by the reader by drawing suitable Venn diagrams to
compare the left- and right-hand sides of each expression. Items (B1), (B6) and (B7)
are self-evident.

Note that associativity (B2) allows us to give an unambiguous meaning to such
expressions as AU BUC and AN BNC, for example

AUBUC=(AUB)UC=AU(BUCQ)

A simple example of the value of the Boolean laws in practice follows.

Example 3.1 Simplify the expression

AN(ANDB)
Solution

AN(ANB)=ANn(AUB) by (B5)

=AN(AUB) by (B6)

=(ANA)U(ANB) by (B4)

=QU(ANB) by (B6)

=ANB by (B7)

Note: =, U and N are operations which make new sets from old. There are many

other such operations, some of which we will meet below. Mathematicians like to pare
discussions down to the smallest number of fundamental operations from which all
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Fig. 3.8.

the others can be built. In this regard we could take ~ and U (or alternatively ~ and
N) and then define N (or alternatively U) by means of de Morgan’s law (B5):

ANB=AUB

An auxiliary operation which we will find very useful is the difference of two sets
A — B which is defined to be all those members of A which are not members of B.
The difference can be expressed in terms of ~ and N by

A—-B=ANB

The Venn diagram for A — B is shown in Fig. 3.8. Observe that if A and B are disjoint
then A — B = A.

3.3 Boolean algebras

As a set can be a list of any ‘things’ we like, there is no good reason why we can’t have
sets whose elements are themselves sets; for example consider the set S; discussed
above and form the set

T={{1,1}, {1,2}, {1,3}, {1,4}, {1,5}, {1,6}}

T1 may seem a strange object but it can be given an interpretation (if you throw two
dice in succession, T3 describes all possible outcomes in which one of the dice is always
al).

One of the most important sets of sets is the power set of a set. The power set of
S is the set whose elements are all the subsets of S, and we will denote it by P(S5).
Clearly, we must have () € P(S) and S € P(S). For example, if

S ={a,b,c}
then
P(S) = {0 {a},{b},{c},{a, b}, {b,c} {a,c}, S}

Note that in the example given above, #(S) = 3 and #P(S) = 8 = 23. The following
result will be very useful in the sequel.

Theorem 3.1 If #(S) = n then #P(S) = 2".
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Proof We begin to count the elements of P(.S), starting with those subsets with the
fewest members: () counts for 1, there are n singleton sets, the number of subsets of S
with two members is precisely (g), and continuing in this manner we obtain

#(P(S) =1+n+ (Z) + (Z) totn+l
=(1+1)"=2" by Exercises 2.12

O

Quite often we will be interested in a subset of P(S), that is, a set containing some,
but not necessarily all, of the subsets of S, for example Ty C P(S). Let B(S) C P(S);
we say that B(S) is a Boolean algebra if

(i) whenever A € B(S), then A € B(S),
(ii) whenever A € B(S) and B € B(S), then AU B € B(S).

Notice that if B(S) is a Boolean algebra it follows immediately from (i) and (ii) that if
A € B(S) and B € B(S), then ANB € B(S) as ANB = AU B. As B(S) C P(S), B(S)
must contain at least one set; in fact both S and @) belong to every Boolean algebra,
for if A € B(S), then by (i) A € B(S), hence by (i) AUA = S € B(S) and by (i)
again ) = S € B(S).

Clearly, Ty is not a Boolean algebra as both (i) and (ii) are violated. We now give
some examples of subsets of P(S) which are Boolean algebras. Obviously, P(S) itself

is a Boolean algebra.

Example 3.2
L(S) = {0, 5}

You may check that £(5) is a Boolean algebra by using rule (B7) and the definition of
(), noting that, by (B6), we have ) = S. Although £(.S) may seem a rather uninteresting
example, it is in fact the basic tool underlying the logic used in building electronic
circuits.

The flow of electricity through such circuits is controlled by switches which may be
either on or off. Each such switch is represented by a Boolean variable  which takes
the value S when the switch is on and () when the switch is off. Two switches z and y
in series are represented by the intersection x Ny and in parallel by the union x U y.
The complement T describes a switch which is on when x is off and off when z is on.
More details can be found in many engineering books but note that engineers often
write z Ny as zy and z Uy as x + y (see Fig. 3.9).

Example 3.3 Let a € S, then the ‘Boolean algebra generated by a’ is
Ba(S) ={0,{a},S —{a},S}

You should convince yourself that B,(S) is the smallest Boolean algebra of subsets of
S that contain {a}.
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The following example will be very important in our subsequent development of
continuous probability. Recall the set of real numbers R and the notion of an open
interval (a, b).

Example 3.4 Z(R) is defined to be the smallest Boolean algebra containing all open
intervals (a,b), where —oco < a < b < 0.

To obtain an understanding of what the most general kind of set in Z(R) is we
observe that

(a,b) = —(c0,a] U [b,00) € I(R)

Also, each closed interval [a, b] € Z(R) since

[CL, b] = (—OO, a) n (bv OO)
Singleton sets {a} comprising isolated points are also in Z(R) since
{a} = la,00) — (a,00)

Now we can write down the most general member of Z(R). Suppose that I1,Is,..., I,
are all distinct mutually disjoint sets where each of the I;s is either an interval or an
isolated point. We call the union

J=LULU...UI, abroken line in R

Fig. 3.10 shows a broken line when n = 4.

You should convince yourself that the complement of a broken line is again a broken
line and that the union of two broken lines is also a broken line, so that Z(R) really is
a Boolean algebra (see Exercise 3.8 for a practical example to help you see this). Of
course each interval is itself a broken line (the case n = 1) and we will regard () as a
broken line containing no intervals (the case n = 0).

On some occasions we will want to work with the broken lines which lie wholly
within an interval [a,b]. In this case the relevant Boolean algebra will be written
Z(a,b).
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3.4 Measures on Boolean algebras

In this section we introduce the important concept of a measure or weight of a set.
Probability as defined in the next chapter will be a special case of this notion.

Let S be a set and B(S) a Boolean algebra of subsets of S. A (finite) measure m is
the assignment of a non-negative real number m(A4) to every set A € B(A) such that
the following condition (M) is satisfied.

If A and B € B(S) and they are disjoint (i.e. AN B = (), then

m(AU B) = m(A) +m(B) (M)

Note

(i) Technically m is a mapping (or function) from B(S) to [0, oc].

(if) Most textbooks give a more refined definition of measure than that described above.
Instead of a Boolean algebra they use a more complex object called a o-algebra and
the defining condition (M) is replaced by a stronger condition called o-additivity.
These refinements allow for a much more satisfactory treatment of convergence
within measure theory. However, in an introductory book like this one they can be
omitted without any great harm—but if you want to know more, see the note at
the end of the chapter.

If A, B,C € B(S) are mutually disjoint, we find

m(AUBUC) =m(AU(BUC)) =m(A) + m(BUC) by (M)
=m(A4) + m(B) + m(C) by (M) again

You can extend this result to an arbitrary number of mutually disjoint subsets in
Exercise 3.9(iii).

When we measure properties of physical objects such as mass or weight we find
the quantity of interest to be distributed over its form in various proportions. The
measure concept generalises this notion to arbitrary sets.

Example 3.5 Let S be a finite set and take the Boolean algebra to be P(S). For each
A € P(S) define

then A is a measure called the counting measure. To verify (M), we simply observe
that if A and B are disjoint and #(A) = m, #(B) = n, then #(AU B) =m + n.

Example 3.6 Let a and b be positive real numbers with a < b. Take S = [a,b] and
B(S) =Z(a,b) and define

m([e,d]) =d—c for [e,d] C [a,]

then it is easy to see that m is a measure. In fact, m just gives the length of the interval
[c, d]. The measure m is called the Lebesgue measure, after the French mathematician
Henri Lebesgue, who used it as the basis of a very powerful theory of integration which
he developed at the beginning of the twentieth century.
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Example 3.7 In the same set-up as Example 3.6 let f be a positive function (i.e f(z) >
0 for all @ <z < b) which satisfies f: f(z)dz < oo and define

m([e,d]) = / f(z)dz for [¢,d] C [a, b

To see that (M) is satisfied recall that the definite integral evaluates the area under
the curve f in Fig. 3.11. In fact, if [¢1,d1] and [c2, do] are disjoint intervals in [a, b], we

can define
dl d2

[ o [ e [
[c1,d1]U][c2,d2] c

1 Cc2

which is natural from the area point of view (see Fig. 3.12).

The reader may be familiar from calculus courses with a special case of the above
where the points di, and ¢o coincide so that [c1,d1] U [ca, d2] = [c1, d2] and we have

da dy dz
f)de= [ flx)de+ [ f(z)de

c1 Cc1 dy

We will meet many measures of this type in the chapter on continuous random vari-
ables. This example generalises the previous one in that we recapture the Lebesgue
measure when we put f(z) =1 for all a <z <b.

Note that in both Examples 3.6 and 3.7 we have m({a}) = 0 for isolated points so
that whenever a < b, by Exercise 3.9(iii),

m(la,b) = m({a}U(a,b)U (b))
— m({a}) + m((a.)) + m(d) = m((a, b))

The reader should be warned that this does not hold for all measures on Z(a, b).
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In Examples 3.6 and 3.7, we have defined measures directly on intervals rather
than broken lines which are the most general members of B(S). However, if J =
I UL U...UI, is a broken line, then by Exercise 3.9(iii) we have

m(J) =m(L) +m(l2) + -+ m(l,)

so that the measures of all broken lines can be calculated once we know the prescription
on intervals; for example, if m is the Lebesgue measure on [0,10] and J = [1,3]U{5} U
[7,10], then
m(J) = m([1,3]) + m({5}) +m([7,10])
= 240+3=5

Note: If J = [a1,b1] U [ag, b2] U ... U [an, by], then we define

b1 ba bn
/ fade= [ f@ydet [ fo)de+ o+ / f(z)da
J al an

az

We will find this notation useful in Chapter 8.

Example 3.8 Let S =R and B(S) = Z(R). Fix a number a € R. We define a measure
which is usually denoted ¢, by
1 ifaedJ
0q(J) =10 ifagJ

for any broken line J. §, is called the Dirac measure at a after the great British
physicist Paul Dirac, who invented it for his research on quantum mechanics in the
mid-twentieth century. It is now widely used throughout mathematics and its appli-
cations.

Examples 3.5-3.8 should have convinced you that measure is a wide-ranging concept
and in the next chapter it will form the basis of our approach to probability. The
following result will be invaluable for us.

Theorem 3.2 Let m be a measure on 5(.S) for some set S. Let A, B € B(S):
(i) If B C A, then
m(A — B) = m(A) — m(B).
(ii) If B C A, then
m(B) < m(A).

(iii) m(0) = 0.
(iv) If A and B are arbitrary, then

m(AUB) =m(A) + m(B) —m(AnN B).

Proof
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(i) Check on a Venn diagram that
(A-B)UB=Aand (A-B)NB=1
hence by (M)
m(A) = m(A — B) + m(B)
and the result follows.
(ii) Immediate from (i) since m(A — B) > 0.
(iii) Since § = S — S we have by (i)
m(0) =m(S) —m(S) =0.
(iv) Check on a Venn diagram that
AUB=(A—-(ANB)U(B—-—(ANB))U(ANB)
then using the result of Exercises 3.9(iii) and (i) we obtain
m(AUB) = m(A—-(ANB))+m(B—-(ANB))+m(ANB)
= m(A) —m(ANB)+m(B) —m(ANB)+m(ANB)
= m(A)+m(B) —m(AN B), as required.
O
Note that (iv) generalises (M) to arbitrary (i.e. not necessarily disjoint) A and B.
By (ii) it follows that the maximum value of m(A) for any set A is m(S). We call
m(S) the total mass of the measure m. For example, in Example 3.6 given above, if
(a, b) = (0, 1) and m is the Lebesgue measure on Z(0, 1), then it has total mass 1.
If we now take (a,b) = (5, 9) and m to be the Lebesgue measure on Z(5, 9), then it
has total mass 4.
Finally, we will need the concept of a partition of a set S. This is a family & =
{E1, Es, ..., E,} with each E; C S(1 < j <n) such that
(i) the E;s are mutually disjoint, that is,
E,NE,=0foralll<jk<nwithj#Ek,
(i) BELUE,U...UE, = S.

The Venn diagram in Fig. 3.13 illustrates a partition with n = 5. Every set can be
partitioned into its singleton sets, for example

S1={1}U{2} U{3} U{4} U{5} U{6}

The following result can easily be deduced from (ii) above and Exercise 3.9(iii), and
we will find it of great value in the next chapter.

Let S be a finite set and £ a partition of S with each E; € B(S); then if m is a
measure on B(S) we have
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Fig. 3.13.

NOTE: MEASURES ON 0-ALGEBRAS (*)
Let o(S) C P(S). We say that (S5) is a o-algebra if

(i) whenever A € B(S), then A € B(S),
(ii) whenever the sequence A;, Asg, ... € B(S), then

G A, € B(S).
n=1

Essentially in a o-algebra, the property of Boolean algebras given in Exercise 3.9(i) is
extended to include infinite unions. A measure m on o(.5) is then a map from o(S) to
[0,00) such that whenever the sequence Ay, A, ... € 0(S) and each A4; N A; = 0(1 <
1,J < 00), then

so that Exercise 3.9(iii) is extended to infinite series. If you want to do probability
theory completely rigorously, then you should use measures on o-algebras rather than
on Boolean algebras. I have chosen to do the latter in this book because the differences
are mainly technical and the Boolean algebra approach makes life a lot easier for you.
However, there are places in this book where I have cheated a little bit and am really
using o-algebras without saying so. Can you find these?

FExercises

3.1. Consider the following subsets of S; = {1,2,3,4,5,6} : Ry = {1,2,5}, Ry =
(3,4,5,6}, Ry = {2,4,6), Ry = {1,3,6}, Rs = {1,2,5}. Find
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3.2. Express the following sets in R as a single interval:
(a) (=00,1) U (4,00),
(b) [0,1] N [0.5, 2],
(c) [-1,0]U0,1].
3.3. By drawing a suitable Venn diagram, convince yourself of the following ‘laws of
absorption’:

AN(AUB) =
AU(ANnB) = A

S

3.4. Deduce the following from the Boolean laws:

3.5. Use the laws of Boolean algebra to establish the following properties of the set
theoretic difference:
(i) An(B-C)=(ANnB)—(ANCQO),
(ii) (AUB)—-C=(A-C)U(B-0C),
(iii) A— (A—B)=ANB,
(ivy(A—B)-C=(A-C)—-B=A—-(BUQ),
(v)y A-(AnB)=A-B.
3.6. We’ve already seen that U is analogous to the logical ‘inclusive or’. The ‘exclusive

or’ (which is used more commonly in everyday speech) is analogous to the operation
©® defined by

A®GB=(AUB)-(ANB)
so A ® B means either A or B but not both.
(a) Use the Boolean laws to deduce that
(i) A B=B® A,

(ii)) Ao D = A4,
(i) A0 A=0,
(iv) A S =4,

(V)*x AN(BoC)=(ANB)o (ANCO).
(b) Verify that
A®B=(A-B)U(B-A).
3.7. Suppose two coins are tossed successively with each coin being a head (H) or a tail

(T). If the outcome is a head on the first coin and a tail on the second coin we
write this outcome as HT, etc. So the set of all possible outcomes (S3) is

Ss = {HH, HT, TH, TT}.
Write P(S3).
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3.8. If J1 = (—o0, =9 U [-5,—-2] U [0,4] U [6,9] and Jo = [—49,—-23] U [-2,1] U [9, 15]
are two broken lines in Z(R), write an expression for J; U Jo and confirm that it is
a broken line.

3.9. Let S be a set and M a measure on B(S). If A1, Ag, ..., A, € B(S) are all mutually
disjoint, use the technique of mathematical induction to prove that

(i) AiUAU...UA, € B(S5),
(i) AyNA2N...N A, € B(S),

(i) m(A U Ay U... UAL) = 3 m(4).

j=1
3.10. Show that if A, B and C are arbitrary (not necessarily disjoint) sets in B(S), then

m(AUBUC) = m(A)+m(B)+m(C)—m(ANB)
—-m(ANC)—m(BNC)+m(AnBNC).

[Hint: Write AUBUC = AU(BUC) and apply Exercise 3.9(iii) via Theorem 3.2(iv).]
3.11. Let S be a set with total mass 1 and P a partition into sets Fy, Fs, E3 and Ej.

It is known that m(E;) = 0.5, m(F2) = 0.25 and m(F3) = 0.125. Find m(E4).
3.12. Let f be a function on [a,b]. The volume of revolution generated by rotating f

about the y-axis is
b
V() = 7r/ F(o)2de

Verify that V is a measure on Z(a,b)
3.13. In Example 3.7 of measures given by definite integrals, compute the following:

(a) m([0,1]), when f(z) = 2%,

(b) m([2,00)), when f(z) = e,

(c) m([1, 2] U [3,4]), Whenf()—‘l—f

(d) m(J), where J is the broken line (1,4] U {5} U (8,10) U {12} and f(z) =

3.14. Show that if m and n are two measures on B(5) and ¢ > 0, then
(i) m + n is a measure on B(S), where (m + n)(A4) = m(A4) + n(A),
(ii) em is a measure where (em)(A) = ¢ - m(A)
What are the total masses of these measures?

3.15. Let S be a finite set and « a positive function on S so that a(x) > 0 for each
x € S. For each A € P(S) define

m(A) =) alz)
z€A

where the sum is over all those elements x which lie in A. Convince yourself that
m is a measure on P(S). [Note: These measures are the discrete analogues of those
described in Example 3.7.]

3.16. Let P = {E1, Ea,..., E,} be a partition of S and A € B(S). By means of a Venn
diagram, or otherwise, show that P4 = {E1NA, E2NA,..., E,NA} is a partition
of A. Hence, show that if P is a measure on B(5), then

P(A) an P(AN E).
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3.17. Let m be a measure on B(S), where S is a finite set. Define the ‘distance’ d(A, B)
between two sets A and B € B(S) by

d(A,B) =m(A® B).
Show that d satisfies the triangle inequality
d(A,C) < d(A,B)+d(B,C).

[Hint: Show that d(A, B) +d(B,C) —d(A,C) > 0.]
3.18.* Let S be a finite set. If B,A C S we define the relative complement of B in
A, A\B by

AB = A-BifBCA

= () otherwise.

Now let m and n be two measures on P(S) and define the convolution of m and
n, written m x n, by

(m+n)(4) = 3 m(A\B)n(B)

BCS
where A € P(S) and the sum is over all subsets B of S. Show that

(i) m *n is a measure on P(5),
(il) m*xn =mnx*m,
(iii) if p is another measure on P(S), then (m *xn) *«p = m * (n *p).

Further reading

Set theory is the language which underlies all modern abstract mathematics. In fact,
at one time it was believed that all mathematics could be founded upon it. There are
many fine books on the subject but for a sound introduction with the minimum of fuss
the classic Naive Set Theory by Paul Halmos (Springer-Verlag, 1974) is unbeatable.
For a gentle (i.e. bedtime reading) introduction to the paradoxes of the infinite and
to much else besides read Mathematics and the Imagination by E. Kasner and J.
Newman (Jarrold and Sons Ltd, 1949). Boolean algebra is named after the British
mathematician George Boole, whose fundamental work The Laws of Thought (Dover,
1958), first published in 1854, is quite readable. The origins of the Boolean laws can
be seen in Chapter 2 of this. Modern mathematicians see Boolean algebra as a special
case of the study of more fundamental objects called lattices. For information about
these and many of the other beautiful structures of modern algebra see Algebra by
Saunders Maclane and Garrett Birkhoff (Macmillan, 1971).

Measure theory is one of the cornerstones of twentieth-century mathematics. The
reader should be warned that it is a heavily technical subject which should not
be tackled without first gaining a sound background in real analysis. Again, there
are many books—in particular, the reader might like to look at Paul Halmos’ Mea-
sure Theory (Springer-Verlag, 1974) or a volume with the same title by Donald L.
Cohn (Birkhaiiser, 1993). If you want to learn both real analysis and measure theory
together, then H. L. Royden’s Real Analysis (3rd edition, Collier Macmillan, 1988)
will give you a sound foundation for advanced study.
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PROBABILITY

4.1 The concept of probability

Suppose we are given a set S, a Boolean algebra B(S) and a measure P on B(S).
We say that P is a probability (or probability measure) if it has total mass 1. In the
discussion below, we will attempt to justify this definition. First, though, it may be
worthwhile summarising some of the more useful properties of probabilities, most of
which we have already met in Chapter 3, in the section on measures.

4.1.1 Properties of probabilities

Let A and B € B(S), then we have
P1) 0 < P(4) < 1.

P2) P(S) =1, P(0) = 0.

P3) P(AUB) = P(A) + P(B) if A and B are disjoint.

P4) P(A— B) = P(A) — P(B) it B C A.

P5) P(B) =1— P(B).

P6) P(A) < P(B) whenever A C B.

P7) P(AUB) = P(A) + P(B) — P(AN B) for arbitrary A and B.
P8) If € = {E1, By, ..., By} is a partition of S then 377 | P(E;) = 1.

These properties are all either part of the definition of (probability) measure or
are results from Theorem 3.2. The only unfamiliar one may be (P5), which is easily
deduced from (P4) and (P2) by putting A = S and using the fact that S— B = B. We
note that (P1) and (P3), together with the condition P(S) = 1, may be taken as axioms
for the concept of probability (see Section 1.3). In probability theory, the abstract
set-up described above and in the preceding chapter is given a practical interpretation
which allows us to use it to model chance phenomena. This interpretation is as follows.

Suppose we want to model some experience which we know is going to have an
unpredictable outcome such as rolling a fair die. The elements of the set S are all the
possible outcomes of the experience. For example, for the die game, we know that one
of the six faces must show so

S =5 ={1,2,3,4,5,6}

Convention: In probability theory S is called the sample space and its elements are
called outcomes.

37
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Now suppose that we want to place a bet on some feature of the experience actually
being realised. It is natural to ask the question ‘What is the most general type of bet
that can be made?.’

Clearly, we can bet on one of the outcomes arising but we can also make more
complicated bets. For example, in S;, we can bet on an even number occurring, that
is, on one of the members of the set {2, 4, 6}, or we can bet on a number greater
than 2 occurring, that is, we can bet on a member of the set {3, 4, 5, 6}. A short
consideration should convince you that you can bet on any subset of Sy, that is, any
member of P(S7), which is, of course, a Boolean algebra.

In general, P(S) may be too large for our purposes; however, the most general type
of bet that can be made can always be described as one of the subsets of S belonging
to a suitable Boolean algebra B(S).

Convention: In probability theory, the subsets in B(S) are called events. An event
A is realised whenever the outcome of the experience is a member of A. You should
convince yourself that the set theoretic operations of union, intersection and comple-
ment can be interpreted as ‘inclusive-or’, ‘and’ and ‘not’, respectively, when applied
to events.

Note: In probability theory, provided the set S is finite or has #(S) = oo, we will
always take B(S) = P(S). This type of model is called discrete probability and in this
and the next chapter we will mainly concentrate on this case. When S is an interval
[a,b] in R, we will take B(S) = Z(a,b). We are then in the domain of continuous
probability, which we will deal with extensively in Chapters 8 and 9 below.

Now the role of P is to assign a weight between 0 and 1 to each event in B(S).
We interpret a weight of 1 to mean certainty and 0 to mean impossibility, so that
the interpretation of (P2) is that, given that S contains all possible outcomes, it is
certain that when the experience happens one of them must occur and it is impossible
that none of them occur. If P(A) is close to 1, for example P(A) = 0.95, then A is
nearly certain and we would be very surprised if the outcome of the experience is not
a member of A. On the other hand, if P(A) is close to 0, for example P(A) = 0.07,
then A is very unlikely and we would again express surprise if the outcome of the
experience is a member of A. Events A for which P(A) is close to 0.5 have greater
unpredictability and, indeed, if P(A) = 0.5 we say that A has mazimum uncertainty.
(The notion of uncertainty will be made more precise in Chapter 6.)

Note: The triple comprising the sample space S, the Boolean algebra B(.S) of events
and the probability measure P is often written (S,B(S), P) and called a probabil-
1ty space.

4.2 Probability in practice

So far, our notion of probability is a fairly abstract thing and, apart from the termi-
nology we are using, seems to have little bearing on the real world. In this section we
will attempt to clarify this relationship. We begin by contemplating some of the ways
in which chance enters our lives. Consider the following statements:

(S1) There is a one in two chance that this coin will come up tails.

(S2) There’s a strong chance that Wales will beat Denmark in the match tonight.
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(S3) Of sixteen seeds planted in identical conditions, nine germinated successfully so
the chances of a successful germination are 0.56.
Each of these statements manifests a different way in which chance is used in every-
day language. We will examine each of them in turn.

4.2.1 Probability by symmetry

Consider a fair coin which we know to have no defects. Apart from the fact that one
side is a head and the other a tail, there are no other features which distinguish one
side from the other. In this situation we say that we have a symmetry between the two
outcomes. When the coin is tossed, Nature has no means of favouring one side over
the other, so it seems reasonable to make the following assignment:

S = {H,T},B(S) = P(S), P(H) = 0.5, P(T) = 0.5

where we have written P({H}) = P(H) for convenience.
In general, we will make the following assumption:

Principle of symmetry

Let S be a finite sample space with outcomes {ay, as, ..., a,} which are such that all
of the a;s are physically identical except for the labels we attach to them. In this case
we always take

P(a1) = P(ag) = ... = P(an)

unless we are given evidence to the contrary.

Another example where the principle of symmetry applies is to the die throwing
game where the sample space is S7.

Now suppose the principle of symmetry applies to a set S where #(S) = n, and
let p denote the common value of all the P(a;)s. Let P be the partition of S into its
singleton sets; then by (P8) we have

- 1
sz 1, ie.np=1, ie.p=—
=1 "

Furthermore, if A is any event in S and #(A) = r (say), where r < n, then a similar
argument to the above gives

These results make the principle of symmetry very easy to apply in practice.

Example 4.1 A fair die is thrown. Find the probability of (a) throwing a six; (b)
throwing an even number; (c¢) not throwing a five; (d) throwing a number less than 3
or more than 5.

Solution

(a) We have S = S;. By the principle of symmetry, as #(S1) = 6 we obtain P(6) = 1.

6
(b) The event is A = {2, 4, 6}. Clearly, #(A) =3 s0 P(A) = 2 = 1.
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(c) Let B be the event that a five is thrown so P(B) = ¢. We want P(B) = 1—-P(B) =
g (by (P5)).

(d) Let A be the event that a number less than 3 is thrown so that A = {1,2} and let
B be the event that a number greater than 5 is thrown so that B = {6}; then we
require P(A U B) and since A and B are disjoint we use (P3) to obtain

P(AUB):P(A)+P(B):%+%:%.

Of course, the probabilities in (c) and (d) could have been worked out directly without
using (P3) and (P5) but it is useful to gain experience with these properties as they
will be indispensible in more complicated problems.

The principle of symmetry has a wider range of application than may at first appear
to be the case. In many situations, such as quality inspections of manufactured prod-
ucts or collecting samples of rainwater for analysis of pollutants, we have a large set
of items which are not necessarily identical in every way but we treat them as if they
are identical so that they all have an equal chance of being chosen. This procedure is
called random sampling and is an important tool in statistics.

Example 4.2 Thirty manufactured items have been inspected and it is known that
five are defective. If three items are chosen at random, what is the probability that all
of them are defective?

Solution The sample space (S) for this problem consists of all possible selections
of three items from the thirty. It would be extremely tedious to list all of these but
fortunately we don’t have to. All we will need is #(S) = (330) = 4060. The event A
in this problem consists of those selections of three items in which all are defective.
Again we only need #(A) = (g) = 10.

So, by the principle of symmetry,
10

P(A) = 160

Note that in this problem the key words ‘chosen at random’ alert us to the possibility
of using the principle of symmetry.

= 0.00246

Subjective probabilities

Let us return to the statement (S2). How strong a chance is there that Wales will beat
Denmark in the match? Clearly, there is no objective criterion we can use to assign
such a probability. Different people are likely to offer different opinions based on their
own preconceived ideas, particularly supporters of Wales and Denmark. None the less,
we can still incorporate such ideas into our scheme.

Let a denote the proposition “‘Wales will beat Denmark in tonight’s match’ and @
be its negation ‘Wales will not beat Denmark in tonight’s match’. If we are concerned
solely with these propositions we work with the set S = {a,a} and the relevant
Boolean algebra is B,(S) = {0,{a},{a}, S} (see Example 3.3). If I then believe that
the probability that Wales will beat Denmark is 0.8, I assign P(a) = 0.8 so that
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P(@) = 0.2 and we have a perfectly well-defined probability (we have again condensed
P({a}) to P(a) in our notation).

Subjective (or personal) probabilities are often expressed in terms of odds, and this
gives us a good opportunity to investigate their relationship with probabilities. In fact,
this is quite simple—suppose that a bookmaker is offering odds of x to y on Wales
beating Denmark. This means that out of a total of (z+y) equally valued coins, s(h)e
is willing to bet = of them that Wales beat Denmark; in other words his/her personal
probability is

x
r+y

P(a) =

In bookmakers’ language, odds of = to y against a are the same as odds of x to y on

a.

Example 4.3 A bookmaker is offering odds of 7-2 against Arctic Circle winning the
3.15 at Haydock Park. What is the probability that s(h)e is assigning to Arctic Circle
winning the race?

Solution Let a be the proposition that Arctic Circle wins the race, then with x = 7
and y = 2 we have

_ 7
P(a) = §
thus, by (P5),
7T 2

Subjective probability may appear to be a rather intangible concept; however, it can
be given a more precise (operational) meaning as follows.

Let us return to proposition a representing Wales beating Denmark in the match.
Suppose that you, the reader, and I, the author, are going to have a bet about the
result of this match based on me offering you certain odds. Suppose that I offer odds of
5:1 on a; this means that if Wales loses I must pay you £5, but if Wales win you only
have to give me £1. Based on the above recipe my personal probability P(a) = 0.833.
This seems to represent a pretty good bet for you but you may think that you could
get better terms so you prevaricate and, as a consequence, I offer you better odds of
6:1 so that P(a) is now 0.857.

Further attempts to haggle are fruitless, and it is clear that the maximum odds I
will offer you are 6:1. We then say that my personal probability P(a) is established as
0.857. This discussion leads us to offer the following definition of personal probability
P(a) (sometimes called the degree of belief in a).

P(a) is that probability which is determined by the maximum odds I will offer on a.

Note that subjective probabilities can also be applied to individuals’ beliefs about
experiences that have already occurred, for example many people may be unsure, if
asked, about the precise year in which the American president J.F. Kennedy died. For
example, person A might be prepared to offer odds of 2 to 1 that it was 1962 (it was
in fact 1963).
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We will continue our discussion of subjective probability in Section 4.5 after we have
met the concept of conditional probability.

Relative Frequency

In our discussion above, we have developed a theory of probability that can be applied
to very general situations, namely, experiences with indeterminate outcomes. A more
traditional approach to probability would regard this as too vague and insist that we
only speak of probability in the context of strictly controlled experiments which can
be repeated under the same conditions as many times as we like. An example of such a
set-up occurs in statement (S3) above. Here the experiment is the germination of seeds
and we require each seed to be planted in identical conditions as regards soil quality,
room temperature and humidity, etc. In (S3), nine of the sixteen seeds germinated.
In a more general set-up we can imagine n identical experiments being carried out. If
we are monitoring a particular outcome x and we observe that x occurs in r of the n
experiments, we define the relative frequency of x based on n experiments (which we
denote as fy(z)) by

so that in (S3) above, z is a successful germination, n = 16, » = 9 and fi16(z) = 0.56.

Although relative frequencies can be interpreted as probability measures, there are
obvious practical problems in doing so. For example, in (S3), after carrying out our
sixteen germination experiments, we may be inclined to say that the probability of
germination P(x) = 0.56. However, suppose we now try another experiment under the
same conditions. If the experiment results in a germination we have P(z) = fi7(z) =
10 = 0.588 and if it fails then P(z) = fi7(z) = 2 = 0.529. Either way we see that we
are in the undesirable situation where P(x) depends on the number of experiments
carried out and is not an absolute property of seedlings.

A popular approach to solving this problem, which is described in many statistics
textbooks, is to use a mathematical device that you may have met before called ‘taking
the limit’ and define

P(z) = lim f,(x)

n—oo

The idea behind this is that we will get a true picture of the regularity of the germina-
tion of seeds if we can look at an infinite number of identical experiments. Of course,
we cannot carry out an infinite number of experiments in practice but, the argument
goes, if we can do a ‘large enough number’ we will be able to see the trend.

A serious problem with this whole approach is that there is no guarantee that the
limit actually exists in any given experimental arrangement. If you have studied an
elementary analysis course you will know that a sequence defined in terms of a known
formula can either converge, diverge or oscillate and limits only exist for convergent
series; for example, the sequence (1/n) converges and has limit 0 but the sequence (1—
(—1)™) oscillates between the two values 0 and 2. In the sequences which are generated
by relative frequencies, we have no nice formula to which we can apply the known
mathematical tests for convergence; indeed we do not know what the nth term will be
until we have carried out the nth experiment. Consequently, there is no mathematical
basis for the definition of probabilities as limits of relative frequencies. From what we
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Table 4.1.
Number of babies Born to mothersover Born to mothers less
born which are 30 years old than 30 years old
Boys 34 49
Girls 41 44

have seen above, we cannot interpret relative frequencies as probabilities. However,
unless we can find some way of incorporating relative frequencies into our theory we
will be in a great deal of trouble, as a probabilistic interpretation of relative frequencies
is essential for statistics. We will return to this problem in Section 4.5.

Ezercise: Toss a coin 100 times and regard each separate toss as a repetition
of the experiment—tossing a coin. Let z be the outcome “heads”. Write down
f1o(x), fa0(x), ..., fioo(x). See if you can decide at any stage whether or not your
coin is biased. Write down your personal probability P(z) after each run of ten
experiments.

4.3 Conditional probability

Suppose that you are going to buy a second-hand car. You find one that you like and
after a brief inspection you convince yourself that it would have a high probability of
being roadworthy. Being a cautious individual you then inspect the car again in the
company of your friend, who is a skilled mechanic and who discovers a large number
of major problems. Consequently, you decrease your personal probability of the car
being roadworthy.

In the above example we have seen an important general principle at work: namely,

Gain in information about an event leads to a change in its probability.

To formalise this idea suppose we have a value for the probability of an event A,
P(A). Now suppose that we obtain the information that another event B has occurred.
In the light of our knowledge of B, the probability of A now changes to Pg(A), which
we call the conditional probability of A given B. Our next goal is to obtain a method
of calculating Pg(A).

Note: Most textbooks write Pg(A) as P(A/B). We will not use this latter notation
(at least in the main part of this book) as it misleadingly suggests that conditional
probability is the probability of some set A/B constructed from A and B. *

Example 4.4 Consider Table 1 describing babies born in one week at a certain hospital.
If a baby is chosen at random and turns out to be a boy, find the probability that it
was born to a mother over the age of 30 years.

Solution The sample space S for this problem consists of all the babies born in the
hospital in the week in question. Note that #(S) = 168. Now let A be the event that

* As we'll see in Chapter 10, the notation P(A|B) can be useful when B is a complicated set
containing many outcomes.
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a baby is born to a mother who is more than 30 years old and let B be the event that
a baby is a boy.

As we know that the baby we’ve selected is a boy, we will only be interested in
the top row of the table, and from that row it is the left-hand entry that gives the
number of boys born to mothers over 30 years. So, by the principle of symmetry, the
probability we want is

34 #(ANB)
PB(A)—g—w

To write Pg(A) directly in terms of a ratio of probabilities, note that

_ #ANB) . #(B)
Peld) = =%y T Hs)
P(ANB)

P(B)

In the last example, our common-sense led us to a very useful formula for conditional
probabilities. We will now adopt this as a formal definition.

Given a probability space (S,B(S), P) and events A, B € B(S) where P(B) # 0,
the conditional probability of A given B, Pp(A) is defined by

Pp(A) = %

Note that in many situations P4(B) may make just as much sense as Pp(A), for
example in Example 4.4 above, P4(B) is the probability that a randomly chosen baby
that is born to a woman over the age of 30 years turns out to be a boy and you should
check that in this case Pa(B) = 22. We will explore the relationship between Pp(A)
and P4(B) in greater detail below. First we will develop some of the properties of
conditional probability.

In the following we will always assume that B € P(S) has P(B) # 0.

Theorem 4.1
(a) Let A; and Az be disjoint subsets in B(S), then

PB(Al U Ag) = PB(Al) + PB(AQ)

(b) If A € B(S), then

Proof

(a) First note that if A; and A, are disjoint, then so are A; N B and A> N B, as can
be confirmed by drawing a Venn diagram.



4.8 Conditional probability 45

Now
P((Al U Ag) n B)
P(B)
P((A1NB)U(A2nN B))
- P(B)
_ PN BILZFBI; A0 B)y, (pg)

= Pp(A41) + Pp(As).

PB(Al U Ag) =

by (B4)

_ P(ANB) P(B-A)
P ==pm = TPm)
P(B—- AN B)
- P(B)
P(B) — P(AN B)
N P(B)

=1- Py(A).

by Exercises 3.5(v)

by (P4)

O

The results of Theorem 4.1 suggest that conditional probabilities behave similarly
to probability measures. We will explore this further in the exercises.
The definition of conditional probability tells us that

P(AN B) = Pg(A)P(B) (4.1)

It is sometimes useful to extend this to three or more events, for example

P(ANBNC)=P(ANB)NC) by (B2)
= Panp(C)P(ANB)
= Panp(C)Pa(B)P(4) (42)

Conditional probability arguments sometimes give an alternative to combinatorial
approaches to problems.

Example 4.5 Use conditional probability to solve the problem of Example 4.2. Find
also the probability that of two items selected at random, one is defective.

Solution Let A, B and C be the events that the first, second and third items selected
are defective (respectively). We require P(ANBNC). Using the principle of symmetry,

we find that

5 4 3
P(4) = =5, Pa(B) = 55 and Pann(C) = —

so, by (4.2),
5 4 3
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l-¢

Fig. 4.1.

For the second problem we require P((A N B)U (A N B)). As the two events in
brackets are disjoint, we obtain

P((ANB)U(ANB))=P(ANB)+ P(ANDB) by (P3)
= P(A)Pa(B) + P(4A)Px(B)
5 25 25 5

where we have used Theorem 4.1(b).
A further useful result on conditional probabilities is the following.

Theorem 4.2 Let P = {E4, Es, ..., E,} be a partition of S with each P(E;) # 0 and
let A € P(S), then

P(A) = iPEi(A)P(Ei)
=1

Proof You should not find it difficult to verify that the sets ANE1, ANEs,...,ANE,
yield a partition of A, so that

A=(ANE)U(ANE)U...U(ANE,)

Hence, by Exercise 3.9(iii),

P(A) =S PANE)

s.
I M:
I,

I

s
Il
-

Pp.

7

(A)P(E;)by(4.1)

Application (a simple communication system)

Here we begin to make contact with the second main theme of this book, namely,
the communication of information across a noisy channel which distorts the incoming
signal. We will consider the simplest possible model, called the binary symmetric
channel, which is sketched in Fig. 4.1.

The input consists of just the two symbols 0 and 1 (which could represent the terms
‘off” and ‘on’ or ‘no’ and ‘yes’). Signals are sent across the channel, where they are
picked up by a receiver.
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We write P(1) for the probability that a 1 is sent and P(0) for the probability that
a 0 is sent. Since these are the only possibilities, we have

P0)+P(1) =1

For simplicity we write P(1) = p so that P(0) = 1—p. The noise in the channel distorts
the signal so that the probabilities of receiving a 0 or a 1 as output are changed. Let
Q(0) and Q(1) be the probabilities that a 0 or a 1 are received As above, we write
Q(1) = g so that Q(0) =1 —gq.

Finally, we describe the effect of the noise which distorts the signal. (This could be a
fault in the circuits if the channel is electrical, or static caused by bad weather for radio
reception.) The effect of the noise is captured perfectly by introducing conditional
probabilities, so that Py(1) is the probability that a 1 is received given that a zero
is transmitted and P;(0) is the probability that a 0 is received given that a 1 is
transmitted. We also have the probabilities of successful transmission Py(0) and P (1).

By Theorem 4.1 (a) we have

Py(1) + Po(0) =1
and
Pi(0)+ P (1) =1

In the binary symmetric channel which we are considering here, we always take Py(1) =
P1(0) = so that Pi(1) = Pp(0) =1 —e.

Suppose that you are the receiver and that you know the values of p and €. We can
now calculate ¢ by using Theorem 4.2:

Q1) = PR(1)P(0)+ P(1)P(1)
= e(l-p+(1-e)p
= e+p—2p

and

Q) = Pi(0)P(1)+ F(0)P(0)
= ep+(1-¢)(1-p)
= 1l—e—p+2p

Clearly, Q(0) + Q(1) = 1, as was required.

In practice, we would like to keep ¢ as small as possible. Notice that if we put € =0
into the above formulae, we obtain ¢ = p, as we would expect. Also, if the input
probabilities are equal (i.e. p = %), we see immediately that the output probabilities
are also equal (i.e. ¢ = %), irrespective of the value of ¢ (see Exercise 4.15 below).

You may be wondering how to express the above example in terms of our usual
language of sample spaces and events. This will be explained in Chapter 7.

Earlier, T promised to tell you more about the relationship between P4(B) and
Pg(A). This is the subject of the following result, usually known as Bayes’ theorem.

Theorem 4.3
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(a) Let A and B € B(S) with P(A), P(B) # 0, then

_ Pa(4)P(B)

(b) Let P = {E1, Es, ..., E,} be a partition of S with each P(E;) # 0 and let A and
B be as above, then
Ps(A)P(B)

PalB) = S o, P (B

Proof
(a) We have

Pa(B) = P(ﬁ(iz)m
_ Pp(A)P(B)

P by (4.1),

(b) Obtained immediately by rewriting the denominator of the result in (a) by using
the result of Theorem 4.2.

0

Bayes’ theorem seems like a fairly innocuous piece of mathematics; however, its use
in statistics has aroused a great deal of controversy throughout this century. Statisti-
cians who adopt an approach to their subject based on the use of Bayes’ theorem are
called ‘Bayesians’. Bayesians tend also to be fervent believers in the use of subjective
probabilities, and we will have more to say about this at the end of the chapter.

Example 4.6 We return to the situation of the binary symmetric channel discussed
above. When the receiver obtains the message, which in this case is either a 0 or a
1, his/her main concern is with the reliability of the channel, that is, with questions
of the type ‘What is the probability that a 1 was sent out, given that a 1 has been
received?’

Solution We write Q,(b) for the conditional probability that b was sent out given that
a is received (where both a and b can be 0 or 1). As we found above for the P,(b)s,
we obtain

Q0(0) + Qo(1) =1 and @1(0) + @Q1(1) =1
Now by Bayes’ theorem, we obtain

R(OPO) _ (1—&)(1-p)
Q(0) 1—e—p+2ep

Qo(0) =

and
PP _ (-ep
Q1) e+p+2ep

We leave the calculation of Qo(1) and Q1(0) as an exercise for the reader.

Q:(1)
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We close this section by proving a ‘conditional’ version of Theorem 4.2 which we
will find of use in Section 4.5 below.

Theorem 4.4 Let A and P be as in the statement of Theorem 4.2, and let H be an
event with P(H) # 0, then

Pr(A) = Pung, (A)Pu(E)

Proof

iP(AmHmEi)
i=1

PO by Exercise 3.16

PHﬂEi (A)P(H n El)

P() by (4.1)

|

@
I
A

[
NIE

Pung, (A)Pu(E;)

.
Il

4.4 Independence

In ordinary language, we use the word ‘independence’ to mean that two experiences are
completely separate and the occurrence of one has no effect on the other. In probability
theory, we use the word to mean that each experience has no effect on the probability
which is assigned to the other. As Exercise 4.19 demonstrates, these two uses of the
word should not be confused.

To make formal sense of the probabilistic term, let A and B be two events with
P(A) # 0. Our notion of independence tells us that if A occurs then P(B) is unaltered
(and vice versa). Since the occurrence of A leads to a gain in information so that P(B)
changes to P4(B), we say that A and B are (probabilistically) independent if

Py(B) = P(B)
that is,
P(ANB)
that is,
P(ANnB)=P(A)P(B) (4.3)

Note that if P(B) # 0, it follows from (4.3) that Pg(A) = P(A). In future, we will
take (4.3) as the definition of probabilistic independence since it has the advantage of
remaining valid when P(A) or P(B) is zero.
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Note: Some books refer to ‘probabilistic independence’ as ‘stochastic independence’
or ‘statistical independence’. We will often just use the term ‘independence’ where the
context is obvious.

Property (P7) takes a very simple form when A and B are independent, which we
will find useful later on:

P(AU B) = P(A) + P(B) — P(A)P(B) (4.4)

In our earlier discussion of relative frequencies, we discussed experiments which were
repeated under identical conditions. It is usual to regard these as probabilistically
independent (see, however, the discussion in the next section).

Example 4.7 A fair die is thrown twice in succession. What is the probability of a six
on each occasion.

Solution Let A be the event that a 6 is thrown on the first occasion and B the event
that a 6 is thrown on the second occasion.

By the principle of symmetry, we have

Hence, by independence, we obtain

1

"~ 36

The reader might like to compare this method with that of writing out the sample
space for the combined throws of the die and then using the principle of symmetry
directly.

P(AN B) = P(A)P(B)

The following result is very useful and accords well with our intuition:

Theorem 4.5 If P(A) # 0 and A and B are probabilistically independent, then so
are A and B.

Proof

P(ANB) = P4(B)P(A) by (4.1)
= (1 — Pa(B))P(A)by Theorem 4.1(b)
= (1 - P(B))P(A) by independence
= P(A)P(B) by (P5)

A similar argument establishes that A and B are independent.

Example 4.8 A computer sales manager has a supply of 100 machines of a certain
type. It is discovered that seventeen of these have a problem with the hard disc and
that nine have faulty monitors. Given that these two problems are independent, find
the probability that a machine chosen at random has
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(a) a hard disc problem only,
(b) neither problem.

Solution Let H be the event that a machine with a faulty hard disc is chosen and let
M be the event that one with a bad monitor is selected. By the principle of symmetry
and (P5), we obtain

P(H) = 0.17, P(H)=0.83
P(M) = 0.09, P(M)=0.91

(a) We require P(HN M) = P(H)P(M) = 0.15 by Theorem 4.5.

(b) P(HN M) = P(H)P(M) = 0.755.

We have to be careful about extending the definition of independence to three or
more events. In fact if A, B and C are events we say that they are probabilistically
independent if

P(AN B) P(A)P(B), P(BNC) = P(B)P(C),
P(ANC) = P(A)P(C) and P(ANBNC) = P(A)P(B)P(C)

As is shown in Exercise 4.20, the last of these relations is not necessarily satisfied
if you only assume that the first three are. More generally, we say that the events
Ay, As, ..., A, are probabilistically independent if for every combination i1, o, ..., i,
of r events from the n, we have

P(A, NA,N...NA;)=P(A;,)P(Ai,) ... P(A;)

You should check by means of a combinatorial argument that this involves satisfying
2" —n — 1 separate conditions. [Hint: Use

14+n+ Z (Z) =" (see Exercise 2.12).]
r=2

4.5 The interpretation of probability

In Section 4.2 above we met three different ways in which probability is used in prac-
tice. Each of these has, at one time or another, been hailed as an all-encompassing
approach to the whole of probability, and we will now look at each of them again in
this light.

4.5.1 The classical theory of probability

This goes back to the founders of probability theory (see the next section for more
information on this). The idea is to attempt to interpret all probabilities as arising
from the principle of symmetry. This idea is not as crazy as it looks. It rests on the
belief that if we analyse a problem carefully enough, we will eventually find that it can
be broken up into pieces to which the principle of symmetry applies. An immediate
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objection to this would be that we cannot model bias using symmetry. However,
consider the following set-up. A coin is inserted into a machine. After entering the
slot it can go down either of two pathways. If it goes down the left pathway, the coin
is kept by the machine but if it goes down the right pathway, we obtain a prize. The
mechanism is symmetric, so, by the principle of symmetry, we have Fig. 4.2, with W
representing ‘win’ and L representing ‘lose’,

Now suppose the manufacturers bias the machine so that the odds against winning
are 2:1. It now appears that we can no longer use the principle of symmetry to obtain
the probabilities; however, we can model this set-up by introducing what a physicist
would call the ‘internal states’ X, Y and Z. When the coin enters the machine, the
arrangement of the paths X, Y and Z are symmetric so that, by the principle of
symmetry,

P(X)=P(Y)=P(Z) = -

but the paths X and Y both result in the coin being kept, while only path Z allows
us to win the prize; hence (Fig. 4.3),

P(W)=P(Z) = % and P(L) = P(X UY) = P(X) + P(Y) = ;

It is not unreasonable to suggest that other instances of bias (e.g. in coins and dice)
might be analysable in such a fashion. The founders of probability tried to extend the
‘principle of symmetry’ to a more general statement called the ‘principle of insufficient
reason’. This states that in any situation where you want to assign probabilities, you
should always make these equal unless you have some reason to do otherwise. The



4.5 The interpretation of probability 53

principle is vague, and attempts to tidy it up and fashion it into a reliable tool have
not been successful. Another problem with it is that it leads to a number of paradoxes.
For example, suppose that a friend is knitting you a new jumper and s(h)e won’t tell
you what colour it is. The principle of insufficient reason encourages you to assign
P(Red) = 1 and P(Not red) = 1. It also advises you to assign P(Red) = 1, P(Blue) =
1. P(Green) = § and P(Not red or green or blue) = 1. *

Despite its defects there are situations where the ‘principle of sufficient reason’ can
be used to great effect, as the following interesting example shows.

Example 4.9 A container contains two balls, each of which may be black or white.
Twice in succession, a ball is removed from the container and then returned to it. On
each occasion the colour of the ball is found to be white. If a ball is taken out of the
container a third time, what is the probability that it, too, will be white?

Solution Let W3 be the event that the ball is white on the third draw and 2W be
the event that the ball is white on the first two drawings. So we want to calculate
P2W (Wg)

At the beginning of the process there are three beliefs about the balls which it is
possible to hold about their colour:
H; : Both of the balls are white.
Hs : One of the balls is white and the other is black.

Hs : Both of the balls are black.
Since there is no reason to prefer any of these over the others, we use the ‘principle of
insufficient reason’ to assign
1
P(Hy) = P(H2) = P(Hs) = 5

Now, since the two drawings are probabilistically independent, we easily obtain
1
‘PH1 (2W) = 1, PHZ(QW) = Z and PHS(QW) =0

(Hj is now effectively eliminated from consideration).
Hence by Bayes’ theorem (Theorem 4.3(b)), we have

B Pr, QW) P(H) _4
Pow (Hy) = Py, (ZW)P}(IHl) + P, (12W)P(H2) 5
and
B Pr, QW) P(H) _!
Pow (H2) = Py, (ZW)P}(IHl) + P, (22W)P(H2) 5
Clearly,

1
Primow (W3) = 1 and Prynow (W3) = 3

* This is in fact an ill-posed problem as the sample space has not been given.
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Hence, by Theorem 4.5, we have

9
Poyw (W3) = Pu,now (W3) Paw (H1) + Prynow (Ws) Pow (H2) = 10

As it employs so many different techniques, this is a very interesting example to study.
Note that the final answer depends on your willingness to assign equal probabilities
to Hy, Hy and Hj3 at the outset.

Example 4.9 and the essential technique of its solution can be found on page 18 of
A Philosophical Essay on Probabilities, which was first published in 1820 by the great
French mathematician Pierre Simon Laplace.

Note: In Example 4.9 above, we have used a procedure that is very common in
Bayesian analyses, namely, the use of Bayes’ theorem to upgrade the ‘prior proba-
bilities’ P(H;) to the ‘posterior probabilities’ Pow (H;). The probabilities Py, (2W)
are sometimes called ‘likelihoods’. Theorem 4.3(a) is sometimes referred to as the
‘principle of inverse probability’ and is written in the form

posterior probability o (likelihood x prior probability)

In general, we do not feel that an unrestricted use of the principle of sufficient reason
is justified but we will continue to use the weaker principle of symmetry where appro-
priate. We note that symmetry arguments are particularly valuable for applications to
science, where we are often, for example in statistical mechanics, dealing with models
of reality comprising large numbers of ‘particles’ with identical properties. A modern
and more powerful approach to the principle of symmetry which utilises the concept
of entropy will be described in Section 6.4.

4.5.2 Subjective probabilities

Earlier we discussed subjective probabilities as being a measure of an individual’s
ignorance concerning a certain experience. The subjective theory of probability has
been much developed in the twentieth century through the ideas of the British philoso-
pher Frank Ramsey, the Italian mathematician Bruno de Finetti and the school of
Bayesian statisticians. In the modern theory of subjective probability, a basic tenet
is that all probabilities are conditional on the state of mind of the individual. For
example, if we return to the game where Wales are playing Denmark, in Section 4.2,
there is no such thing as an ‘absolute’ probability that Wales will win the match. My
personal probability that Wales will win is designated Py (A), where the hypothesis
H contains all the relevant information that I am using to formulate my judgement
about the game. For example, if I believe that Wales will win because their players
will be better equipped to deal with the playing conditions and that the Danes will
be seriously hampered by an injury to one of their best players, then these beliefs will
all be included in H. If conditional probabilities are to be fundamental, the notion
of a probability measure which we developed earlier will need to be amended. An
appropriate notion of ‘conditional probability space’ is described by A. Rényi in his
book Probability Theory (see references below) but we will not develop this notion
here. Most of the results which we have obtained in this chapter can be extended to a
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form where they are suitable for using with subjective probabilities, for example the
definition of probabilistic independence of A and B becomes

Py(ANB) = Pu(A)Pu(B)

Unfortunately, the end result is that all the formulae we have developed for calculating
with probabilities become cluttered up with extra terms, H, which play no further role
in the analysis other than reminding us that P is subjective. Although I agree with
many of the ideas of the subjectivists, my approach in this book will be to take H as
understood and not display it manifestly unless it plays a direct role in calculations.

Finally, it is important not to misunderstand the sense of subjective probability
and dismiss it as unscientific on the basis that it is ‘all in the mind’ or ‘dependent
on personal whim’. In fact, it is more appropriate to regard subjective probabilities
as social rather than personal constructs. Two or more people may entertain different
prior probabilities P, (A) and Py, (A), respectively, about an experience A but, on
updating their information, for example by engaging in rational discourse or carrying
out new experiments (especially when engaged in scientific questions) they might
eventually agree on the posterior probability of A. Many political and social questions
can be analysed in terms of two or more organised groups disagreeing about the
probability of an experience. For example, at various times since the invention of
nuclear weapons, most recently in the early 1980s, we have seen societies in Western
Europe unable to agree on the probability of imminent nuclear war.

4.5.3 The frequentist approach

We have already, in Section 4.2, examined and rejected the attempt to interpret prob-
abilities in terms of relative frequencies. This approach to probability was systemati-
cally developed in the first half of the twentieth century by the philosopher Richard
von Mises, and still has many adherents. Readers who are knowledgeable about mod-
ern Western philosophy might speculate that its popularity, at a time when logical
positivism was dominant, lay with its prescription for verification of probabilities via
experiment. If we reject the frequentist approach, we must still find a mechanism for
assigning probabilities to events when the only information we have is the number
of times they have occurred in a given number of identical experiments. The most
convincing approach to this is via a Bayesian analysis.

Let us look at the simplest possible example. Suppose that we carry out successive
tosses of a coin. Remember that we have no way of knowing at the outset whether
or not the coin is fair but we may use the principle of insufficient reason to make
the prior assignment P(H) = % Suppose that after thirteen tosses we have observed
eight heads (if the coin is indeed fair, it follows by use of the binomial distribution—
see Section 5.7 below—that this event has a probability of 0.157). We may, however,
suspect that the coin has a slight bias. What would be a reasonable assignment for
the (subjective) probability that we obtain a head on the fourteenth throw given that
the first thirteen throws have yielded eight heads? It seems that the only reasonable
candidate for this probability is %, however, most probabilists would in fact regard
this as somewhat naive. A modern Bayesian approach would require us to make a prior
assignment of the probability of the fourteenth throw being a head. The occurrence of
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eight heads out of the first thirteen is then regarded as evidence with which the prior
probability can be upgraded to a posterior probability. There are precise mathematical
procedures for calculating this, based on the important concept of exchangeability,
introduced by de Finetti—unfortunately the details are too complicated to be included
here. However, it is interesting to observe that this theorem would lead us to assign
the (highly non-intuitive) probability of ¥ in the above example—the same result
would also be given by a formula obtained by Laplace in the nineteenth century and
called the ‘law of succession’.

An alternative approach to the relationship between probability and relative fre-
quency is based on a result called the law of large numbers. We will examine this at
length in Chapter 8.

We have looked above at three different approaches to probability. There are others
which are too complex to discuss here such as attempts to found probability as a
system of inductive logic due, primarily, to J. M. Keynes (who is perhaps better known
for his contributions to economics) and R. Carnap during this century.

I will close this section by summarising the approach to probability adopted in this
book:

(i) Probability is a measure of total mass one, defined on the event in a sample space.
As such it is a mathematical concept.

(ii) In using the concept of probability to analyse scientific models of aspects of real-
ity, the correct choice of probability measure can often be found by symmetry
considerations (or by entropy considerations—see Chapter 6).

(iii) When applying the concept of probability to complex real world experiences, all
probabilities are conditional on the perspective of the individual or social group.
None the less, general agreement on probability assignments may often be reached
as a result of rational discourse.

4.6 The historical roots of probability

Probability theory had a late start compared to other mathematical sciences, such as
geometry and mechanics, which were highly developed by the ancient Greeks. Perhaps
this is because the ancients saw the operation of chance in the universe as the activity
of their gods and therefore not within the scope of human knowledge. Another point is
that when probability theory finally did begin to emerge, it was because of the needs of
gamblers for more insight into the workings of their games. However, the Greeks and
Romans gambled mainly by throwing four-sided objects called astralagi, which were
made from bones and were not symmetrical. Consequently, ancient thinkers would not
have had the stimulus to obtain the simplest rule for calculating probabilities, namely,
the principle of symmetry, by observing games of chance. *

The mathematical development of probability theory began in Renaissance Italy,
and the man who perhaps deserves to be called the founder of the subject was the
scholar and gambler Facio Cardano (1444-1524), whose manuscript Liber de Ludo

* It may be that this brief account is overly “eurocentric”. There are indications that crude prob-
abilistic ideas were used in ancient times in India - for more about this (and references) see pages 3-4
of M.M.Rao , R.J.Swift Probability Theory with Applications, Springer (2006).
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Aleae (Book on Games of Chance) was found among his papers long after his death,
and published in 1663. This contains the first formulation of the principle of symmetry
within the context of dice games.

A number of important advances in combinatorial techniques were made in the
seventeenth century. Perhaps the most important of these arose from the dialogue
between the mathematician Pierre de Fermat (1601-1665) and the philosopher Blaise
Pascal (1623-1662), which was initiated by problems arising from gambling posed by
the Chevalier de Mere. The revolution in mathematical thought that developed out of
the discovery of calculus by Newton and Leibniz had a significant impact on probability
in the eighteenth century, and amongst those who applied the new techniques to
probability were Pierre de Montfort (1678-1719) and Abraham de Moivre (1667-1754).
Thomas Bayes (1702-1761) published his famous theorem in 1763.

In the nineteenth century, calculus matured into mathematical analysis and this,
t00, began to be applied within probability theory. A great landmark was The Théorie
analytique des Probabilités by Pierre Simon, Marquis de Laplace (1749-1827). The
introduction to this work was published separately as the Fssai Philosophique sur les
Probabilités in 1820 and gives a coherent and systematic presentation of the subject,
as it stood at the time, for the general reader.

As the nineteenth century progressed, probability theory received a myriad of stimuli
from the emerging study of statistics as well as from mathematics itself. The twentieth
century will perhaps be remembered as the age of abstraction in mathematics, with
its emphasis on mathematical structures and the relationships between them. An
important step in the development of probability theory was the publication by the
great Russian mathematician A. N. Kolmogorov (1903-1987) of his Foundations of
the Theory of Probability in 1933, in which the axioms for a probability measure were
first introduced.

FExercises

4.1. How would you assign probabilities to the following experiences? You might use the
principle of symmetry, subjective probability, relative frequency or a combination
of these:

(a) obtaining a flush in a game of poker,
(b) team A beating team B in a football game, given that A have won nine of the
last seventeen matches between these teams,
(c) the sun will rise in the East tomorrow morning,
(d) the claim that smoking causes cancer.
4.2. Assign personal probabilities to each of the following propositions:
(a) The party presently in government will win the next General Election.
(b) You will set up home with a new partner within the next year.
(¢) The world will end in July 1999 (as predicted by Nostradamus).
4.3. Three fair coins are tossed:

(a) Write down the sample space.
(b) What are the events

(i) the first coin is a head (F),
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(ii) the second coin is a tail (F).
(c) Calculate the probabilities P(EU F), P(ENF), P(E) and P(F).

If two fair dice are rolled, what is the probability that the sum of the upturned
faces will be seven?

Two events A and B are such that P(A) = 0.45, P(B) = 0.22 and P(AUB) = 0.53.
Find P(AU B).

A company manufacturing silicon chips classifies them as follows for quality control:
A—in perfect condition,

B—containing minor defects which will not inhibit operation,

C—major defects.

In a batch of 170 items, 102 are of type A and 43 of type B. If a chip is chosen at
random find the probability that

(i) it is of type C,

(ii) it will be operational.

If you buy a copy of the new album ‘Fell Over My Brain’ by Sonic Delirium, you get
a free picture of the band with probability 0.15 and an extra track with probability
0.21. Assuming that these are independent, find the probability of obtaining:

(a) a free picture with no extra track,

(b) an extra track but no free picture,

(c) both a free picture and an extra track,
(d) at least one of these.

Convince yourself that the Dirac measure (as described in Example 3.8) is a prob-
ability measure.

Let S = {z1,22,...,2,} be a finite set and f a real valued function on S for which
each f(z;) > 0. Show that if

f(xi)

Z
where Z = " | f(x;), then P is a probability measure on B(S). [Hint: Use the
result of Exercises 3.14.]

Note: An important application of this probability measure is to statistical
mechanics. Here the x;s are the possible energies available to be taken up by a

P(z;) =

large collection of particles. In this case we have
flai) =70
where (3 is a positive constant; Z is called the partition function and P is called
the Gibbs distribution (see Sections 6.4-6.5 to learn more about this).
Let A € P(S) with P(A) # 0. Show that the conditional probability P4 defines a
probability measure on P(A).
Show that P4(B) = Pa(AN B).
If A and B are disjoint with P(A) # 0 and P(B) # 0, show that

Paup(C) = BPa(C) + (1 - B)Ps(C)

where § = %. (Note: This example shows that for fixed C, if we make the
prescription p(A) = P4(C), where A € B(S), then p is NOT a measure.)
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If two balls are randomly drawn (without replacement) from a bowl containing
seven red and five blue balls, what is the probability that

(i) both balls are red?
(ii) the first ball is red and the second blue?
(iii) one ball is red and the other blue?

In a factory producing compact disks, the total quantity of defective items found
in a given week is 14%. It is suspected that the majority of these come from two
machines, X and Y. An inspection shows that 8% of the output from X and 4% of
the output from Y is defective. Furthermore, 11% of the overall output came from
X and 23% from Y. A CD is chosen at random and found to be defective. What is
the probability that it came from either X or Y?

Consider again the binary symmetric channel discussed in the text. What values
do you obtain for Q(0), Q(1) and the conditional probabilities Q;(5)(i,j,= 1,2)
when p = % so that there is maximum uncertainty at the input? Interpret your
results.

In a binary erasure channel, some characters are erased before reaching the output.
The set-up is as shown in Fig. 4.4. where F indicates erasure. Calculate

(a) the output probabilities Q(0), Q(F) and Q(1).
(b) the conditional probabilities Qo(0), Qr(0), Qr(1), Q1(1).

A combination of the binary symmetric and binary erasure channels is that given in
Fig. 4.5. Calculate all the output probabilities and conditional probabilities Q;(j).
Three messages are sent across a channel. The probabilities of successful reception
are 0.57, 0.69 and 0.93 respectively. Assuming that the signals are all probabilisti-
cally independent, find the probability of successfully receiving: (a) all three signals,
(b) no signals, (c¢) two signals only.

Two events may be probabilistically independent but not disjoint. To see this let
S =1{1,2,3,4}, with each singleton set having probability 0.25. Let A = {1,4} and
B = {2,4}. Show that P(AN B) = P(A)P(B).

Suppose that two fair dice are thrown. Consider the events A, B and C defined as
follows:

A: 1, 2 or 3 is thrown on the first die.

B: 4, 5 or 6 is thrown on the second die.

C: The numbers on both dice are either less than or equal to 3 or they are greater
than or equal to 4.

Show that each pair of events is independent but the three events A, B and C are
not independent, that is,

P(ANBNC) # P(A)P(B)P(C).

Show that if any three events A, B, and C are independent, then A U B is inde-
pendent of C.

Two binary symmetric channels are connected in series, as is shown in Fig. 4.6,
so that the output at B from the first channel is transmitted to C along the sec-
ond channel. Assuming that the two channels are probabilitistically independent,
calculate the output probabilities at C, given that the input probabilities are deter-
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mined by p = 0.4 (where p is the probability that a 1 is sent out) with ey = 0.14
and g5 = 0.21.

A set of odds is said to be coherent if the associated probabilities add up to 1
(which they must do if they really are probabilities). Three friends A, B and C are
to run a race to see who is fastest. A fourth friend offers odds of 3 to 1 against A,
7 to 1 against B and evens on C. Are these odds coherent? If not, how would you
alter the odds on C to make them so.

The famous mathematician Jean d’Alembert (1717-1783) argued that for a fair
coin tossed twice in succession, the probability of a head was % He claimed that
the correct sample space was {H, TH, TT}, as, if a head appeared on the first toss,
there would be no need to toss it a second time to obtain the head. Criticise this
argument.

The following problem first appeared in the Fermat—Pascal correspondence. What
number (n) of throws of a fair die has to be made before the probability of at least
one 6 is %?

Fermat posed the following problem, which was first solved by Christianus Huy-
gens (1629-1695). Given forty cards of which ten are red, ten blue, ten green
and ten purple, what is the probability of picking four cards at random (without
replacement) which are each of different colours?

Find the probability that five cards chosen at random from a deck of 52 will contain:

(a) no aces,
(b) at least one ace,
(c) exactly one ace.

In the British National Lottery, you attempt to win prizes by choosing six different
numbers between 1 and 49 (inclusive) and matching these to the numbers showing
on six coloured balls emitted at random from 49. To win the jackpot you have to
get all six numbers correct. To win the second prize, you have to have five of your
six numbers correct and also match your sixth number to that on an additional
seventh (bonus) ball emitted. There are also prizes for getting five, four and three
numbers correct. Find the probability of: (a) winning the jackpot, (b) getting five
numbers only correct, (¢) winning second prize, (d) getting four numbers only
correct, (e) getting three numbers only correct, (f) winning a prize at all, (g) getting
no numbers correct.

Suppose that you go to a doctor because you believe that you are suffering from
some disease. The doctor gives you a test and you register positive. Moreover, the
test is known to be highly sensitive in that

Pp, (T,) = Pp,(Ta) = 0.99

where Dy, (D,) is the event that the disease is present (absent) and T,,(T%) is the
event that you test positive (negative). You may now conclude that you are indeed
suffering from the disease in question; however, this may not be justified for you
have failed to take into account the incidence of the disease in the population.
Convince yourself that the correct indicator as to your likelihood of having the
disease is Pr, (Dp) and calculate this when P(Dp) = 0.0001. (This example was
taken from the article “Common-sense and statistics” by Adrian Smith in Teaching
and Using Statistics, edited by Neville Davies (Royal Statistical Society, 1994).)
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Further reading

There are an enormous number of introductory textbooks available on probability the-
ory. The best of these, beyond doubt, is William Feller’s An Introduction to Probability
Theory and its Applications, Volume 1 (2nd edition, J. Wiley and Sons, 1964). A less
well-known but beautifully written and comprehensive text is A. Rényi, Probability
Theory (North Holland, 1970). Also thoroughly recommended is G. Grimmett and D.
Welsh, Probability—An Introduction (Clarendon Press, Oxford, 1986). One of the most
important and influential books in the development of modern probability is A. N.
Kolmogorov’s Foundations of the Theory of Probability (English translation, Chelsea,
New York, 1956) which is very short, succinct and highly readable. Kolmogorov was
one of the greatest mathematicians of the twentieth century and an innovator in many
fields. Some insight into his achievements can be obtained from his obituary by K. R.
Parthasarathy in the Journal of Applied Probability 25, 445-50 (1988). A highly fasci-
nating and more down to earth treatment of probability than the above can be found
in The Art of Probability for Engineers and Scientists by R. W. Hamming (Addison
Wesley, 1991). Hamming is one of the major contributors to the modern theory of
coding.
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For a subjective approach to probability theory, the best introduction is D. V.
Lindley Introduction to Probability and Statistics from a Bayesian Viewpoint, Part 1.
Probability (Cambridge University Press, 1969). De Finetti’s highly original Probability
Theory, in two volumes, has been reissued by J. Wiley and Sons (1990).

A nice overview of the different interpretations of probability can be found in R.
Weatherford’s Philosophical Foundations of Probability Theory (Routledge and Kegan
Paul, 1982). For those who hanker after a frequentist interpretation, D. A. Gillies” An
Objective Theory of Probability (Methuen, 1973) is very readable. Creating Modern
Probability by J. von Plato (Cambridge University Press, 1994) gives a fascinating
historical survey of the various approaches to the foundations of probability which
have been developed during the twentieth century.

Much that I have learned about the history of probability can be found in the
excellent Games, Gods and Gambling by F. N. David (Charles Griffin and Co., 1962).
Bayes original paper and much else of interest besides is in Studies in the History of
Statistics and Probability edited by E. S. Pearson and M. G. Kendall (Charles Griffin
and Co., 1970). Laplace’s A Philosophical Essay on Probabilities has been reissued by
Dover Publications (1951) and is quite accessible to modern readers.

Finally, a highly entertaining and thought-provoking novel based on the use of
chance to explore ‘human potential’ is The Dice Man by Luke Rhinehard (Granada
Publishing, Panther, 1972).



5
DISCRETE RANDOM VARIABLES

5.1 The concept of a random variable

We have, in the last chapter, become used to studying problems involving chance
using the probability space (S, B(S), P), where S is a set, the sample space, whose
elements are the possible outcomes of some experience; B(S) is a Boolean algebra
whose elements, the events, represent all the propositions about the outcomes which
it is possible to place bets on; and P is a probability measure on S. Now suppose that
#(5) = n and take B(S) = P(S) so that by Theorem 3.1, #P(S) = 2. Clearly, as n
becomes large, 2™ is very large and soon becomes quite an unwieldy number (e.g. when
n = 10, 2" = 1024). Furthermore, in many practical problems, it turns out that we
only need to examine a small number of these events. Clearly, it would be useful to
have a device which would allow us to model our experience without having to exhibit
all the events in B(S). Such a device is provided by the theory of random variables.

A discrete random variable X is just a mapping, from S into a subset R of R where
#(R) = n or oo, that is, it is a function which attaches a number x to each outcome
in S. The set R is called the range of X. The term ‘discrete’ is included because of
the restriction on R (in Chapter 8 we will study continuous random variables, where
this restriction is removed). In many of the examples we will study below, R will be
a subset of the natural numbers N.

Note: In a more general framework, we should restrict the notion of random variables
to those mappings satisfying an additional property called measurability. If, as in many
of the examples given below, we have B(S) = P(S), this is automatically satisfied. We
will discuss this again in Chapter 8.

Effectively, we may think of X as a variable whose value is uncertain and, in practice,
the main interest will be in establishing the probability that a certain value of X
arises. The example given below should clarify these ideas.

Example 5.1 Two fair dice are thrown. What is the probability that the sum of the
numbers appearing on the two upturned faces equals seven?

Solution We write each outcome as a pair of numbers

(score on die 1, score on die 2)

63
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As each die has six faces, the basic principle of counting tells us that .S has 36 members
so that #P(S) = 236 = 6.871 9477 x 10'°! By the principle of symmetry we see that
each outcome has probability %. We now introduce a random variable X:

X = sum of scores of the two dice

Clearly, X can take any whole number between 2 and 12 as its value. We are interested
in the event that X takes the value 7. We write this simply as (X = 7), then

(X = 7) = {(17 6)7 (27 5)7 (37 4)7 (47 3)7 (57 2)7 (67 1)}

Now by (P8), we have P(X =7) = & =

If we were betting on the game of throwing two dice, we might want to establish
which of the numbers from 2 to 12 has the highest probability of occurring. This gives
us the ‘safest bet’.

Example 5.2 Two fair dice are thrown. Which sum of scores on the two dice has the
maximum probability?

Solution To establish this, we calculate all the probabilities P(X = r) where r goes
from 2 to 12, imitating the process of Example 5.1. We find (check) that

—~

P(X:2):% P(X:12):%
P(X*3)f% P(X:ll):%
P(X:4):% P(X:l()):%
P(X:5):% P(X:g):%
P(X:6):% P(X:S):%
PX=7) =

so we see that X = 7 is the best bet.

We observe that the use of the random variable X has allowed us to sift effortlessly
through the 235 events in P(S) and isolate the 11 which are relevant to this problem.

As we have seen in Example 5.2 above, the list of numbers P(X = r) plays a major
role in the theory of random variables. We study these in greater detail in the next
section.

5.2 Properties of random variables

Let X be a random variable on S taking values in the set R = {x1,x2,...,z,} C R.
Now define the numbers

plzj)=P(X =uz;) for1<j<n
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p is called the probability distribution or probability law of X. For example, in Exam-
ple 5.2 above, R = {2,3,...,12} and p(2) = 5=, p(3) = &, etc.
Now consider the Boolean algebra P(R) and for A € P(R) define

p(A) =Y pla))

T;EA

where the sum is over those x;s which lie in A.
Lemma 5.1 p is a probability measure on P(R).

Proof Since each p(z;) > 0, it follows from Exercise 3.14 that p is a measure. To show
that it is a probability measure, we have

p(R) =Y pla;) =) P(X=u;)=1 by (P8)
=1 =1
since the events (X = x1), (X = z2),..., (X = x,) form a partition of S. U

Note

(i) For those who have studied mappings on sets we can characterise p as the proba-
bility measure on P(R) given by

p=PoX L

(ii) Although, in the above example, the sum which defines p(A) is finite, if R has an
infinite number of elements then the corresponding sum will be infinite and should
thus be interpreted as a convergent series.

In the proof of Lemma 5.1, we established the following useful formula:

n

> pla) =1 (5.1)

j=1
A graph of p, called its probability histogram gives a quick visual insight into the
behaviour of X. Figure 5.1 is the histogram for the distribution found in Exam-

ple 5.2 above.
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In the sequel, we will often encounter events such as (X < x,.), where 1 < r < n.
This is precisely the set of all those outcomes for which the value of X is less than or
equal to x,., for example in Example 5.1 above,

(X < 4) = {(17 1)7 (17 2)7 (17 3)7 (37 1)7 (27 1)7 (27 2)}

The events (X < z,), (X > z,), (X > z,) (z, < X < z;), etc., are defined similarly.
A very useful function which we can associate to a random variable X is its cumu-
lative distribution F. This is defined by

F(z,)=P(X < z,)

for 1 < r < n, from which the reader should easily deduce that
F(z,) = p(x;) (5:2)
j=1
The following lemma collects together some useful properties of F'.

Lemma 5.2
(i) F(zyy1) — F(z,) = p(xpy41) for 1 <r < n.
(ii) F is an increasing function, that is,

F(xpq1) > F(x,) forl<r<n.

(iii) F(zn) = 1.

Proof

(i) As (X < 2pq1) = (X < 2) U (X = 2p41), we have P(X < 2,41) = P(X <
2r) + P(X = 2,41) by (P3) and the result follows.
(ii) follows immediately from (i) as each p(z,4+1) > 0.
(iii) follows from (5.2) and (5.1).

0

The cumulative distribution is sometimes more useful than the probability law p in
solving practical problems, as we will see below. For that reason, it is often lists of
values of F' which appear in ‘statistical tables’.

Example 5.3 Find the cumulative distribution for the random variable of Example 5.2.

Solution
F@‘%7®Z%Jm%%F@—%F@_%
F(7) = 172, (8) = %, F(9) = %, F(10) = %
F(11) = %, F(12)=1

The graph of F' is shown in Fig. 5.2.
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A= W= Nf= Lo =

The following results are sometimes useful in solving specific problems, as we will
see below.

Lemma 5.3
(i) For 1 <r < n, we have

P(X >x,)=1-F(x,).
(ii) For 1 <r < s < n, we have

Pz, < X <uas) = F(zs) — F(xr-1).

Proof

(i) Since (X > z,) = (X ), the result follows from (P5).

<z
(i) As (2, < X < z5) = (X < x5) — (X < 2p—1), the result follows from (P4).
To illustrate the value of Lemma 5.3, consider the following.
Example 5.4 Return again to the set-up of Examples 5.1 and 5.2. What is the prob-

ability that the combined score of the two dice is: (a) not less than 8, (b) between 5
and 9 (inclusive).

Solution
(a)
We require P(X > 8) = P(X > 7)
=1-F(7) by Lemma 5.3(i)
7
1- 1 by Example 5.3

_ 5
12’

(b) P(5< X <9)=F(9)— F(4) =2 — = 2 by Lemma 5.3(ii) and Example 5.3.
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There are some random variables which appear so often in different contexts that
they have their own names. We briefly consider three of the simplest of these and will
return in Sections 5.7-5.8 to study some more complex examples.

5.2.1 The discrete uniform random variable

This is a random variable X for which

p(ZCl) :p(l'g) =... Zp(xn) — %

Uniform random variables arise naturally when we apply the principle of symmetry,
and we have already done a lot of work on these in the preceding chapter, although
we did not use the terminology of random variables there. An example is throwing a
single fair die and letting

X = number on uppermost face of die

In this case R = {1,2,3,4,5,6} and n = 6.

5.2.2 Bernoulli random variables

These are named after Jacob Bernoulli, who in the eighteenth century wrote an impor-
tant manuscript about probability theory. We take R = {0, 1} and define

p(l) :pvp(o) =1—pwhere0<p<1

Examples of such random variables include the tossing of a biased coin, choosing an
experience at random which might be a ‘success’ or ‘failure’ or emitting symbols into
a binary symmetric channel (see Section 4.3).

A Bernoulli random variable is uniform if and only if p = % so that both 0 and 1 are
equiprobable. This special case is often called the symmetric Bernoulli distribution.

5.2.3 ‘Certain’ variables

Suppose that out of a range of possibilities {z1,xa, ..., 2, }, we know for certain that
a particular value, x;, say, will occur. It is often useful to consider x; as the value
of a random variable X whose probability law is the Dirac measure J,, at x; (recall
Example 3.8).

Some readers may wonder why we haven’t specified the probability space in the
above examples. This is because it has, to some extent, become irrelevant and all the
information we require is contained in the random variable and its distribution.

Example 5.5 A box contains five red balls and seven blue ones. In all other respects
the balls are identical. What is the probability that a randomly chosen ball is red?
What is an appropriate random variable to describe this situation?

Solution We have a sample space S containing 12 members. The event R that we
choose a red ball has five members, so, by the principle of symmetry, the required
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probability is p = % We now introduce the random variable X with the interpretation

1 — ‘red” and 0 — ‘blue’; then X is Bernoulli with p = %

Next we consider the ‘algebra of random variables’. Random variables can be added,
multiplied by ‘scalars’ and multiplied together to form new random variables. More
precisely, let X and Y be two random variables and « be a real number; then we can
form new random variables X +Y, aX, X + « and XY. To understand the meaning
of these operations, we consider some examples. For example:

(i) Let X be the number of boys born in your city next year and Y be the number of

girls; then X + Y is the number of children born next year.

(ii) Let X denote the length (in feet) of a randomly chosen wooden plank removed
from a lorryload. Let o = 0.3038; then ae.X denotes the same length in metres.

(iii) If X is as in (ii) and « is the known length of a steel cap to be placed on the edge
of each plank, then X + « is the length of a (randomly chosen) capped plank.

(iv) Let X be a random force acting on a particle and Y be a random distance that
the particle might move; then XY is the (random) work done on the particle.

Clearly, we can multiply random variables by themselves to form X2, X3, etc.
This suggests that we might be able to form the random variable f(X), where f is
any function on R. In fact this is so; if X has range {x1,x2,...,2,}, then f(X) has
range {f(x1), f(x2),..., f(zn)}. The following, rather contrived, example illustrates
this idea. For example, let X be a random variable taking the values {0,7/4,7/2}
with probabilities i, % and %, respectively; then sin(X) takes the values {0,1/4/2,1}
with probabilities %, % and % respectively.

Note: Some readers might appreciate a formal definition of the above operations.
We recall that X and Y are functions on S. For each s € S, we then define

(X+Y)(s) = X(s)+Y(s)
(aX)(s) aX(s)
(XY)(s) = X(s)Y(s)

(

FX)(s) = F((X(s))

Clearly, the probability laws of aX and f(X) (if f is one-to-one) are the same as that
of X, but the determination of the laws of X +Y and XY is more problematic and,
in fact, a general formula for the former of these can only be established in a special
case (see below, Section 5.5).

We conclude this section by establishing a useful result about the ‘joint distribution’
of two random variables. More specifically, let X be a random variable with range
Rx = {z1,22,...,2,} and probability law p and let Y be a random variable (with
the same sample space as X ) with range Ry = {y1,¥2,...,ym} and probability law
q. We define the joint distribution of X and Y by

pij = P(X = z:) N (Y = y;)) (5.3)

for1<i<n,1<j5<m.

Lemma 5.4
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(1) > pij =gj foreach 1 < j <m.
i=1

NgE

pij = p; for each 1 <i < n.
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Proof (i) Apply Exercise 3.16 taking A = (Y = y;) and (X = 1), (X = z2),..., (X =
Z,) as the partition of S. Item (ii) is proved similarly. Item (iii) follows on applying
(5.1) to (i) or (ii). O

Note: {p;j,1 < i < n,1 < j < m} is the probability law of the random vector
(X,Y) = Xi+ Y] (see Chapter 9).

5.3 Expectation and variance

Recall Example 4.3 concerning the probability of Arctic Circle winning the 3.15 at
Haydock Park. We calculated this probability to be % Now suppose that I bet £5 on
Arctic Circle and the horse wins the race. How much do I expect to win? Clearly, this
is £5 x % = £1 11 p. Such considerations led the founders of probability to define the
expectation of an event A, E(A) by the formula

E(A) = (amount staked) x P(A)

In the modern theory, the key notion is the expectation E(X) of a random variable
X. To justify the definition of E(X) given below, imagine that you place bets on
the outcomes of X as follows; you bet x; on the event (X = z1), x2 on the event
(X =x3),...,z, on the event (X = x,,), then your expected winnings would be

E(X) = Z D, (5.4)

For example, suppose that R = {1,2,3} with p(1) = ¢, p(2) = 3 and p(3) = 3; then

= (3] (3)+ (1)

Some insight into the meaning of E(X) may be gained by considering a relative fre-
quencies approach, so that, suppose in the above example we repeat the experiment
represented by X twelve times; then we ‘expect’ to obtain the number 1 twice, the
number 2 four times and the number 3 six times, in which case, we see that E(X) is
precisely the average (or mean) value of the expected results, that is,

E(X) = 2x1)+(Ax2)+(6x3) 7

12 3

As a result of these considerations E(X) is sometimes called the mean of the random
variable X. We should not, however, be deluded into believing that if we carry out
the above experiment 12 times we will in fact get a mean of % More insight into how
the values of the mean ‘fluctuate’ around E(X) will be gained in Chapter 8.
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Note: If the range of X is infinite we shall assume in this chapter that X is such
that the infinite series (5.4) converges.

Example 5.6 Find the mean of the random variable X whose values are the sums of
the scores on two fair dice.

Solution Using the data of Example 5.2, we find that
1 1 1 1 5 1
5 1 1 1 1

Ezercise: Throw two dice and calculate your average score after 10 throws, 20 throws,

., 100 throws. As you increase the number of throws is the average getting ‘closer’
to 77

Example 5.7 Find E(X) when

(a) X is Bernoulli,
(b) X is uniform,
(¢) X = zp, with certainty.

Solution
(a) E(X) = (1 )+(0>< (1-p)) =p,
(b) E(X) = .

(c) E(X) =

n
Note that in (b) we obtain the well-known arithmetic mean of the numbers
{z1,22,...,2,}.

,Tj,
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If X and Y are two random variables with joint distribution (5.3), you should
convince yourself that it makes sense to define

E(X +Y) =YY (i +y;)pij

=1 j=1

and

E(XY) = (xiyj)pij

N
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-
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We now collect some useful facts about E(X). We begin with a definition. A random
variable X is said to be non-negative if R C [0,00), that is, no value in its range is
negative. Note that X? is always non-negative irrespective of whether X is.

Theorem 5.5
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(a) Let X and Y be two random variables defined on the same sample space, then
E(X+Y)=EX)+EY).
(b) Let X be a random variable and « € R, then
E(aX) = oE(X)
and
EX+ao)=EX)+a.
(c) Let X be a non-negative random variable, then
E(X) > 0.

Proof

(a) We use the notation of Lemma 5.4; then

EX+Y)= Z Z(Il + y;)pij

=E(X)+E(®Y) by Lemma 5.4(i) and (ii).

E(aX) = Z QT;Pi = azﬂﬁipi = aE(X),
i=1 i=1

E(X +a) = Z(ﬂfz + a)p; = ZIz‘pi + OéZpi
=1 =1 =1
—E(X) +a by (5.1).

(c) Immediate from (5.4) since each z; > 0, p; > 0.
O

Note: From (a) and (b) it follows that E is a linear functional on the space of random
variables, that is, for all «, 8 € R,

E(aX + Y) = aE(X) + SE(Y)
In the following, we will occasionally adopt the standard notation of denoting E(X)

as . Now, if f is a real-valued function, we have

n

E(f(X) = f(x;)p;

j=1
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In particular, take f(X) = (X —p)?; then f(X) is non-negative, so by Theorem 5.5(c),
E((X — p)?) > 0. We define the variance of X, Var(X) by

Var(X) = B((X - )
(z

2
- 2
§ = 1)°D; (5.5)

1

<

The interpretation of Var(X) is that it gives a measure of the extent to which we
expect the result of the experiment represented by X to deviate, on average, from the
mean . Clearly, the deviation of each z; from p is (x; — ). We might argue that an
obvious candidate to measure ‘average deviation’ is

> (@ — wp; =E(X — p)

j=1

but this is clearly zero by Theorem 5.5(b). Alternatively, we might consider E(| X — u|)
but we prefer to use (5.5) as (see below) it has much better mathematical properties.
The only problem with (5.5) is the practical one that if the values of X are in (units)
then Var(X) is measured in (units)?. For this reason we find it useful to introduce the
standard deviation o(X) of the random variable X by

o(X) = +/(Var(X)) (5.6)

We will sometimes simply denote o(X) as o and Var(X) as o2. The following result
gives some useful properties of the variance.

Theorem 5.6
() Var(X) = E(X?) — (E(X))"
(b) Var(aX) = a?Var(X), for all a € R.

Proof
(a) Expand (X — pu)? = X? — 2uX + p?, so by Theorem 5.5(a) and (b) (see also
Exercise 5.6) we have

Var(X) = E(X)? — 2uE(X) + p?

from which the result follows.

(b)

Var(aX) = E((aX —E(aX))?)
=E((aX — au)?) by Theorem 5.5(b)
=E(a*(X — p)?)
= a*Var(X) by Theorem 5.5(b) again.

O

Note that, except in a special case, as we will see in the next section, there is no
nice general formula to express Var(X +Y) solely in terms of Var(X) and Var(Y') (see
also Exercise 5.8).
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Theorem 5.6(a) is particularly convenient for practical calculations of Var(X), as
we see in the following.

Example 5.8 Find Var(X) for the sum of scores on two fair dice.

Solution Using the data of Example 5.2, we find that
1

1 1 1 1 5
E(X?)= 4x=—=+9X -—=+16x —+25x =~ +36x — +49 x —
(x5 T R T I T IR I R AN

5 1 1 1 1
64 % — + 81 x = +100 x — + 121 x — + 144 x —
Tod gy T olx g A 100 g A lalb g+ M ag

= 54.833 (to 3 d.p.s)
From Example 5.6, we have E(X)? = 72 = 49; hence by Theorem 5.6(a)
Var(X) = 54.833 — 49 = 5.833

Example 5.9 Find the variance of

(a) a Bernoulli random variable,
(b) a uniform random variable,
(c) the certain variable X = x.

Solution
(a) E(X?) = (1)®p + (0)2(1 — p) = p, hence by Theorem 5.6(a) and the result of
Example 5.7(a),
Var(X) = p—p® = p(1 -p).

(b) By direct evaluation in (5.5) we obtain

This formula will be familiar to students of statistics as the ‘population variance’.
(c) Again by (5.5) and the result of Example 5.7(c) we find

o? = Z(:CJ — 21,)%6,, = 0.

j=1

The quantities E(X™), where n € N, are called the moments of the random variable
X. We have already seen that, when n = 1, we obtain the mean, and the first
two moments determine the variance. Further properties of the moments will be
investigated in the exercises.

5.4 Covariance and correlation

Suppose that X and Y are two random variables with means px and uy respectively.
We say that they are linearly related if we can find constants m and ¢ such that
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Y = mX + ¢, so for each yx(1 < k < m), we can find z;(1 < j < n) such that
yr = mx; +c. If m = n and we have y; = mx; +¢(1 < j < n), then each of the points
(x1,91), (2,Y2), -« -, (Tn, Yn) lies on a straight line as is shown in Fig. 5.3.

As Theorem 5.10 below will demonstrate, a quantity that enables us to measure

how ‘close’ X and Y are to being linearly related is the covariance Cov(X,Y"). This
is defined by

Cov(X,Y) =E((X — ux)(Y — uy))

Note that Cov(X,Y) = Cov(Y, X) and that Cov(X, X) = Var(X). Furthermore (using
the result of Exercise 5.8(b)), if X and Y are linearly related, then Cov(X,Y) =
m Var(X). Covariances are best calculated using the result of Exercise 5.8(a).

In practice, Cov(X,Y") is measured in the product of the units of X and those of
Y’; however, the strength of the relationship between X and Y should be measured by
a dimensionless number. For this reason we define the correlation coefficient p(X,Y)
between X and Y by

Cov(X,Y)

O0X0y

p(X,Y) =

where ox and oy are the standard deviations of X and Y respectively. If p(X,Y) =0,
we say that X and Y are uncorrelated.

Example 5.10 Consider the binary symmetric channel shown in Fig. 5.4, where the
input is described by a symmetric Bernoulli random variable X (so 0 and 1 are both
emitted into the channel with probability %) Hence, by Exercise 4.15, the random
variable Y describing the output is also symmetric Bernoulli. The error probability is
given by € = 0.2. Find the correlation p(X,Y") between input and output.

Solution By Exercises 5.7(a) and 5.9(a), we find
pux =py =0.5and ox = oy =0.5
Calculating joint probabilities by means of (4.1) yields

poo = p11 = 0.4 and po1 = p1o = 0.1
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Fig. 5.4.

Hence, using the result of Exercise 5.8(a), we obtain
Cov(X,Y) = EXY)-EX)EY)
= 04-(05)2=0.15

SO

0.15

To explore further properties of Cov(X,Y") and p(X,Y’) we need the following result,
which is a vital tool in modern probability theory.

Theorem 5.7 (the Cauchy—Schwarz inequality)
E(XY)? <E(X)*E(Y)?

Proof Consider the non-negative random variable (X — tY)? where ¢ € R; then by
Theorem 5.5(c) E((X — tY)?) > 0. Expanding the quadratic and using the result of
Exercise 5.6 yields

HPE(Y)? - 2E(XY) +E(X)?* >0
Now regarding the left-hand side of this expression as a quadratic function of ¢, the

required result follows from the fact that at? + bt + ct > 0 for all ¢ if and only if
b2 < 4ac. O

Corollary 5.8

(a) |Cov(X,Y)| < oxoy.
(b) -1 < p(va) < 1.

Proof

(a) Replace X by X — pux and Y by Y — py in the result of Theorem 5.7.
(b) Divide both sides of the result of (a) by oxoy.

O

The final part of this section is a little bit harder than usual and may be omitted
at first reading.

We begin with a definition. A pair of random variables (X,Y) is said to be non-
degenerate if the joint probability p;r > 0 for all 1 < j <n,1 < k < m (i.e. none of
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the events (X = z;) N (Y = y) are impossible). The key result which we will need
about pairs of non-degenerate random variables is the following technical lemma.

Lemma 5.9 If (X,Y) is non-degenerate, then

E(X+Y)) =0 ifandonlyifX+Y =0
Proof Immediate from the definition of non-degeneracy since

E(X £Y)?) = > (a; £ uk)?pin
7j=1k=1

O

With the aid of Lemma 5.9 we can probe the relationship between the behaviour of
p(X,Y) and the concept of linearly related random variables.

Theorem 5.10 Suppose that (X,Y) is non-degenerate, then

(a) E(XY)? = E(X?)E(Y?) if and only if Y = mX for some constant m,
(b) |Cov(X,Y)| = oxoy if and only if X and Y are linearly related,

(¢) p(X,Y) = =1 if and only if X and Y are linearly related.

Proof
(a) The fact that E(XY)? = E(X?)E(Y?) when Y = mX is left to Exercise 5.10(a).

Conversely, suppose that E(XY)? = E(X?)E(Y?). Define two new random variables
Z1 and ZQ by
Y

Zy = E(Y2)!/2

W and Zy =
then
E(Z}) =E(Z3) =1 by Theorem 5.5(b),
and, since E(XY) = +E(X?)/2E(Y?)'/2, we find that
E(Z1Z,) = +1 = +E(Z?) = +E(Z3)
Now use Theorem 5.5(a), to obtain
(2122 + Z3) =B(Z1Z2+ Z3) = 0
Adding these equations yields
E((Z1 + Z5)*) =0
Hence by Lemma 5.9, Z; + Zs = 0, thus
E(Y?2)\ "2
Y =mX withm = & (IE((X2)))

(b) The fact that |Cov(X,Y)| = oxoy when X and Y are linearly related is again left
to Exercise 5.10(b). To prove the converse replace X by X — p, and Y by Y — uy
in (a) to obtain the result with m = £2= (depending on the sign of Cov(X,Y))
and ¢ = puy — mpux.
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(c) is immediate from (b).

0

Ezercise: Extend Theorem 5.10 to the more general case where (X,Y") are no longer
assumed to be non-degenerate.

5.5 Independent random variables

Two random variables X and Y are said to be (probabilistically) independent if each
of the events (X = z;) and (Y = y) are independent in the sense of the definition
given in Section 4.4, that is,

P(X =x;)N (Y =yx)) = P(X =2;)P(Y = yi)

for all 1 < j <n,1 <k < m. Using the notation introduced at the end of Section 5.2,
this becomes

Dik = Djqk (5.7)

Example 5.11 A child’s toy contains two windows in each of which a clown’s face
appears when a button is pressed. The clown may be either smiling or crying. The
design is such that the probability of each expression in each window is % Define two
symmetric Bernoulli random variables X;(j = 1,2) by

X; = 1if clown in window j is smiling

X,; =0 if clown in window j is crying (5 =1,2)

(a) Assuming that there is no mechanism linking the expression on the face of clown
1 to that of clown 2, show that X; and X5 are independent.

(b) If there is a mechanism such that clown 1 smiles whenever clown 2 cries (and vice
versa), show that X; and X5 are not independent.

Solution

(a) We have p11 = p12 = p21 = paz = % andpy =po=q =¢q2 = %; thus (5.7) is easily
verified.
(b) Now p11 = p22 = 0, while p13 = pa; = %, while the ps and ¢xs remain as above;

thus we see immediately that (5.7) fails in all cases.

The following result collects some useful facts about independent random variables.

Theorem 5.11 If X and Y are independent, then
(a) E(XY) = E(X)E(Y),

(b) Cov(X,Y) =p(X,Y) =0,

(c) Var(X +Y) = Var(X) + Var(Y).

Proof
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(X)E(Y), as required.

|
=

Cov(X,Y) =E(XY) — E(X)E(Y) by Exercises 5.8(a)
=0 by (a) above
Hence p(X,Y) =0.
(c) This follows by (b) from Exercises 5.8(c).
O

In the case where X and Y are independent, we can obtain a useful prescription for
the law of X +Y.

Suppose the law of X is p and the law of Y is ¢; then the law of X +Y is called the
convolution of p and ¢ and is denoted as p * ¢ (see Exercises 3.18). For simplicity, we
will take the range of X, Rx = {1,2,...,m} and the range of Y, Ry = {1,2,...,n};
then the range of X +Y, Rxyy = {2,...,m+ n}. Let k € Rx;y; then we want

(pxq)(k) =p(X +Y =k)

Now the event (X +Y = k) can occur in several different ways, that is, it can occur
as(X=1)Nn¥ =k—-1or(X=2)NnY =k—-2)or...or (X =k-1)N({Y =1),
and these events form a partition of (X = k) so we have
(pxq)(k) =P((X =N =k-1)U((X =2)N(Y =k -2))
U...U((X=k-1)Nn({Y =1))]

k

=Y P(X=/)N{ =k—j) by (P8)
j=1
k

= ijqk,j by (57) (58)

Formula (5.9) seems to lack symmetry between p and ¢; however, as X + Y is the
same random variable as Y + X, we would expect (p * ¢) = (¢ * p). You can establish
this result in Exercise 5.11(c) (see also Exercise 3.18).

Example 5.12 Return to the situation of Example 5.11(a). What is the probability
that when the button is pressed there are (a) zero, (b) one, (¢) two smiling clowns
appearing in the windows?
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Solution This question concerns the law of X7 + X5, thus we use (5.9):
(a) We require P(X1 + Xz = 0) = (p*¢)(0) = pogo = 1.

(b) P(X1 + X2 =1) = poq1 +p1do = 3-

(¢) P(X1+ X2 =2)=pig1 = 1.

We generalise the definition of independent random variables to the case where there
are more than two as follows. Let X7, Xo,..., X, be n random variables with ranges
R;(1 <j <mn). We say that they are independent if for every subset {i1,%2,...,i;} of
{1,2,...,n} we have

P((Xi, = i) N (X, =23,) 0.0 (X, = 24,))
= P(Xil = xil)P(Xiz = :viz) .. P(Xlk = LL‘lk)
for all z;, € R; (1 <p <k).

5.6 I.I.D. random wvariables

Two random variables X and Y are said to be identically distributed if they have the
same range and

pj=gq; foralll<j<n

If X and Y are both independent and identically distributed then we say they are
i.7.d. An example of such variables is the pair of symmetric Bernoulli random variables
appearing in Example 5.10. In many situations in probability (as we will see below)
we are interested in random variables X1, Xo, ..., X, which are i.i.d. (i.e. the random
variables are independent, as described at the end of Section 5.5, and all have the
same range and the same law). In this case it is often useful to consider their sum:

S(n) = X1+ X+ -+ Xy,

We suppose that each E(X;) = p and Var(X;) = 0?(1 < j < n); then by Exer-
cises 5.6 and 5.15, we have

E(S(n)) = nu and Var(S(n)) = no? (5.9)

Example 5.13 [the simple random walk] Consider the above situation with each X;
defined by R; = {-1,1} with common law p(—1) = p(1) = % so each X; has a
similar form to that of a symmetric Bernoulli random variable. Consider a confused
person who can’t make up his/her mind where to go. S(h)e tosses a coin and if it
lands heads s(h)e takes a step to the right; if it lands tails s(h)e takes a step to the
left. Suppose s(h)e repeats this procedure after every step, then S(n) is the random
variable which gives our friend’s position after n steps. Note that S(n) has range
{—n,—n+2,...,n—2,n}. Two possible paths which the person might take are sketched
in Fig. 5.5. For example, the probability of returning to the starting point after two

steps is P(S(2) =0)
= P((X1=1)N(Xy=-1))U((X;=-1)N(Xy=1)))
= P(X;1=1)P(Xz=-1)+P(X; =-1)P(X>

|

—_
~—

|



5.6 1.I1.D. random variables 81

Fig. 5.5.

Fig. 5.6.

where we have used (P3) and (5.7) (Fig. 5.6).
From (5.9), we find E(S(n)) = 0 and Var(S(n)) = n.

Application: elementary statistical inference

In statistics we are interested in gaining information about a population which for
reasons of size, time or cost is not directly accessible to measurement, for example the
population may consist of all the CDs manufactured by a company in a given week.
We are interested in some quality of the members of the population which can be
measured numerically (e.g. the number of defects on each CD). If we could measure
all these numbers we could calculate their mean and variance using the formulae given
in Examples 5.7(b) and 5.9(b).

Statisticians attempt to learn about the population by studying a sample taken
from it at random, for example we might take every 100th CD off the production line
for inspection. Clearly, properties of the population will be reflected in properties of
the sample. Suppose that we want to gain information about the population mean pu.

If our sample is {z1, z2,...,z,}, we might calculate the sample mean
1
T=—)Y xj
w2
j=1

and take this as an approximation to u. However, there are many different samples
of size n that we could take and we may have chosen a particularly poor one which
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gives a bad estimate. A more sophisticated technique is to try to consider all samples
of size n simultaneously. We do this by using random variables. Let X be the random
variable whose values are all possible choices z1 of the first member of the sample. In
the simple model we are constructing, the range of X; can be the whole population,
so E(X1) = p and Var(X;) = 0. Now let X5 be the random variable whose values are
all possible choices z2 of the second member of the sample. In practice we are usually
sampling without replacement, so the range of Xy should be one less than the range
of X1, but statisticians are usually content to fudge this issue by arguing that if the
population is sufficiently large it is a ‘reasonable’ approximation to take X; and X,
to be identically distributed. As the choice of value of X; should not affect that of X,
we also assume that these random variables are independent. We continue in this way
to obtain n i.i.d random variables X1, Xy, ..., X,,, where the range of X is the whole
population considered as candidates to be the jth member of the sample (1 < j < n).
Now consider the random variable X (n) defined by

n

T =S =

j=1

then the range of X (n) consists of the sample means obtained from all possible samples
of size n taken from our population. By (5.9) and Theorem 5.6(b), we obtain

2
E(X) = p and Var(X) = 7z
n

Further information about the law of X will be obtained in later chapters.

5.7 Binomial and Poisson random variables

Let X1, X5, ..., X, be i.i.d Bernoulli random variables so that for each 1 < j < n,
P(X;=1)=p, P(X;=0)=1—-p

The sum S(n) = X7 + Xo + -+ + X, is called a binomial random variable with
parameters n and p. Note that S(n) is similar to the path of the simple random walk
described in the last section, except, here, each X; takes values in {0, 1} rather than
{—1,1}. So the range of S(n) is {0,1,...,n}.

Binomial random variables occur in situations where an operation which can be a
‘success’ (with probability p) or a ‘failure’ (with probability 1 — p) is being repeated a
given number of times. Then S(n) counts the total number of successes; for example
suppose we have a sample of 100 CDs taken from a production line and an established
criterion for quality which each CD passes with probability p; then the number of CDs
which satisfy the quality standard is a binomial random variable with parameters 100
and p.

We now establish the probability law of S(n). We could carry this out using repeated
convolutions and, indeed, we have already dealt with the simple case where n = 2
and p = % in this way in Example 5.12 above. We will, however, use a more direct
method here
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Fig. 5.7.

Lemma 5.12 The probability law of the binomial random variable S(n) is given by

o) = (M) (5.10)
for1 <r<n.

Proof Recall that S(n) = X1 + X2 + - -- + X,,, where each X is Bernoulli. We aim
to calculate p(r) = P(S(n) = r); hence r of the X;s must take the value 1 and the
other (n — r) must take the value 0. As the X;s are independent, the probability of
this event is p"(1 — p)"~". However, there are (’T’) mutually exclusive ways in which
the event can be realised and the result follows by (P8) O

The probability law (5.10) is called the binomial distribution. By (5.9) and the
results of Examples 5.7(a) and 5.9(a), we find immediately that

E(S(n)) = np, Var(S(n)) = np(1l —p) (5.11)

In practice we often ‘forget’ about the origins of binomial random variables as sums of
ii.ds and call any random variable X binomial if it has the law (5.10). We will some-
times use the convenient notation X ~ b(n, p) to mean ‘X has a binomial distribution
with parameters n and p’.

Example 5.14 Calculate the probability law and draw the probability histogram for
Y ~ b(6,0.3). (See Fig. 5.7.)

Solution Using (5.10), we obtain (to four significant figures)

p(0) = 0.1176, p(1) = 0.3025, p(2) = 0.3241, p(3) = 0.1852, p(4) = 0.0595,
p(5) = 0.0102, p(6) = 0.0007

In many applications p(r) is the probability of r ‘successes’ in n experiences. Of course,
it is also the probability of (n—r) ‘failures’. Indeed, if we introduce Y to be the random
variable whose values are the total number of failures, then, since (:) = (nﬁT) (see
Chapter 2), we have Y ~ b(n, 1 —p).
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Example 5.15 An information source emits a six-digit message into a channel in binary
code. Each digit is chosen independently of the others and is a one with probability
0.3. Calculate the probability that the message contains

(i) three ones, (ii) between two and four ones (inclusive), (iii) no less than two zeros.

Solution Let X be the number of 1s in the message, then X ~ b(6, 0.3). Using the
results of Example 5.14, we obtain

(i) p(3) = 0.1852.
(ii) As the events (X = 2), (X = 3) and (X = 4) are a partition of the event (2 <
X < 4), we have

P(2 < X <4) =p(2) +p(3) +p(4) = 0.5688.

(iil) We require

P(X < 4) p(0) +p(1) +p(2) + p(3) + p(4)

= 0.9889.

Having dealt with a finite number of i.i.d Bernoulli random variables it is natural (if
you are a mathematician) to inquire about the behaviour of an infinite number of
these. Of course, the passage to the infinite generally involves taking some kind of
limit and this needs to be carried out with care.

We will take the limit of the probability law (5.10) as n — oo and as p — 0. In
order to obtain a sensible answer we will assume that n increases and p decreases
in such a way that A = np remains fixed. We denote as S)(o0) the corresponding
random variable, which is called a Poisson random variable with mean X\ after the
French mathematician S. Poisson, who first discussed it in the nineteenth century. To
obtain the probability law of Sy (c0), we substitute for p in (5.10) and (stressing the
dependence of the binomial law on n and A) so obtain

() = n(n—l)(n—QT)!...(n_T+1) <%>r<1_é)n_r

AN -1)n-=-2)...(n—r+1) (1_5>n—7‘

F n"

Now, as n — o0,

nn—1)n-2)...(n—r+1)

(B0 (-5

and



5.7 Binomial and Poisson random variables 85

p(r)
0.5 |-
04
0.3
0.2
0.1
L1 i1t L1
o1 2 3 4 5 6 7 r
Fig. 5.8.
(where we have used the fact that lim, .. (1— %)n = e~*). Thus we see that
PnA(r) = p(r), where
Are™A
p(r) = I (5.12)

for r = 0,1,2,3,.... Note that the range of Sy(c0) is N. If you are worried that the
property of being a probability law may have been lost in the limit, you may confirm
directly that Y2, p(r) = 1 by using the well-known fact that

00
T

2 r=¢

— r

The probability law (5.12) is called the Poisson distribution with mean \.
If we take limits in (5.11) we find that

E(S\(00)) = X and Var(Sx(o0)) = A (5.13)

To verify the second of these note that by (5.11), Var(S(n)) =X —Ap — A asp — 0.
If you prefer to obtain the results of (5.13) more directly, see Exercise 5.34(Db).

In practice, as with the binomial case, any random variable X with probability law
(5.12) is called Poisson. We introduce the notation X ~ () to mean ‘X has a Poisson
distribution with mean \’.

Example 5.16 Find the probability law and sketch the probability histogram for
X ~ m(1.3).

Solution Using (5.12), we find to four significant figures (Fig. 5.8)

p(0) = 0.2725, p(1) = 0.3543, p(2) = 0.2303
p(3) = 0.0998, p(4) = 0.0324, p(5) = 0.0084
p(6) = 0.0018, p(7) = 0.0003, p(r) =0 (to five d.ps) for r < 8

In practice Poisson random variables arise when events occur in time or space in such
a way that the average number of events occurring in a given time or space interval of
fixed length is constant and events occurring in successive intervals are independent.
The above example exhibits a hallmark of the Poisson distribution, namely, that the
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probability of more than two events occurring in a fixed interval is ‘small’. For this
reason the Poisson distribution is often seen as a good model of ‘rare’ events. Examples
of Poisson distributed random variables are the number of currents in a slice of fruit
cake, the number of misprints on the page of a book, the number of centenarians in a
community, the number of stars in a volume of space and the number of atoms which
decay within some time period in a piece of radioactive material.

Example 5.17 A message in binary code is being sent across a channel. Occasionally,
there is a transmission error and an undecipherable splodge is sent instead of a 0 or a 1.
The number of splodges transmitted per minute is found to be Poisson distributed with
mean 1.3. What is the probability of more than two splodges per minute being sent?

Solution Using Lemma 5.3(i) and the results of Example 5.15 above, we find that
P(X >2)=1-0.2725 - 0.3543 — 0.2303 = 0.1429

5.8 Geometric, negative binomial and hypergeometric random variables

In this section, we review some other useful types of random variable.

Geometric random variables

Let X1, X5, ... be a sequence of i.i.d Bernoulli random variables, each with parameter
p where 0 < p < 1.

What is the probability (which we denote as p(r)) that the first (r — 1) of these
X1, Xo,...,X,_1 all take the value 0 and X, is 17

By independence we have

p(r) = P(X1=0Nn(Xz=0N...Nn(X,1=0)Nn(X, =1))
= (1-p)'p

Now define a random variable Y taking values in N by

Y is the smallest value of r for which X, =1

Y is called a geometric random wvariable and for each r € N, we have, by the above
calculation,

PY =r)=p(r)=01-p)"'p (5.14)

and (5.14) is usually called the geometric distribution with parameter p.

In Exercise 5.26, you can verify for yourself that Y p(r) = 1. It may be worth
pointing out at this stage that the proof of this involves summing a geometric series
using the well-known formula (for 0 <t < 1):

= 1
dotn=— (5.15)
Pt 1—t

It is the connection with (5.15) that inspires the name of the random variable.
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Geometric random variables are the simplest examples of random variables known
as ‘waiting times’. For example, suppose that a message in binary code is appearing
on your terminal with a one-second gap between symbols. If we assume that symbols
are generated in an i.i.d manner, then the number of seconds we have to wait until
the first one appears on the screen is a geometric random variable.

Example 5.18 A message in binary code received on a screen is such that waiting time
until the first one is geometric with parameter p = 0.3. Find the probability that the
first one appears as one of the first ten symbols.

Solution We want the cumulative probability
F(10) = P(Y < 10)

This gives us a useful opportunity to develop a general formula. By (5.2) and (5.14)
and using the formula for the sum of the first n terms of a geometric progression, we
find that for arbitrary 0 <p < landn e N

P =Y op—pr ! = T
= 1-(1-p)"

Hence with n = 10 and p = 0.3 we have
F(10) =1 — (0.7)'° = 0.97

We will use a bit of trickery involving the well-known fact of elementary differenti-

ation that
d

=) =—r-p!

to calculate the mean of a general geometric random variable. By (5.4), (5.14) and
(5.15) we have

E(Y)=> rp(l-p) ' =-p> (=27
= —pdip ;(1 —p)’
d /1) 1
~50) =5 (5:16)

You can use a similar technique to find E(Y?), and hence Var(Y), in Exercise 5.27.

5.8.1 The negative binomial random variable

We will remain in the same context as above with our sequence X, Xo,... of i.i.d
Bernoulli random variables. We saw that the geometric random variable could be
interpreted as a ‘waiting time’ until the first 1 is registered. Now we will consider a
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more general kind of waiting time, namely, we fix r € N and ask how long we have to
wait (i.e. how many Xs have to be emitted) until we observe r 1s.

To be specific we define a random variable N called the negative binomial random
variable with parameters r and p and range {r,r +1,r +2,...} by

N is the smallest value of n for which X7 + Xo+---+X,, =1r

For example, if we preassign » = 3 and the sequence 010010100. .. is generated, then
we would have n = 7.

We now calculate the probability law of N. Let A be the event that X,, =1 and B
be the event that (r — 1) of the random variables X7, Xs,..., X,,_1 take the value 1.
Of course, P(A) = p and by (5.10) we have

_ (= 1 r—1 _ \n—T
P(B) = (T 3 1)19 (1-p)
We then have
P(N =n)=P(ANB)
= P(A)P(B) by Exercise 5.16

("2 e (5.17)

The law of (5.17) is called the negative binomial distribution. You should check that
when r = 1 we recover the geometric distribution of the preceding section.

Example 5.19 We return to the context of Example 5.18. Find the probability that
the third one is received as the seventh symbol.

Solution Taking p=0.3, »r =3 and n =7 in (5.17), we obtain

P(N=17)= (g) (0.3)3(0.7)* = 0.097

As with the geometric distribution, the name ‘negative binomial’ arises from the series
expansion used to check that it yields a genuine probability law; in fact we have

oo

S (0 )ra-er

n=r

= p (1 +r(l—p)+ %r(r —1)(1 - p)?
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5.8.2 The hypergeometric random variable

Let us suppose that we have a supply of n binary symbols (i.e. Os and 1s), m of which
take the value 0 (so that n — m take the value 1). Suppose that we wish to form a
‘codeword of length r’, that is, a sequence of r binary symbols out of our supply of n
symbols and that this codeword is chosen at random.

We define a random variable

H = number of 0s in the codeword

so that H has range {0,1,2,...,p}, where p is the minimum of m and r; H is called
the hypergeometric random variable with parameters n,m and r.

We calculate the probability law of H, P(H = k), where 0 < k < p. By the basic
principle of counting we see that the number of ways of choosing k 0s and (r — k) 1s

to make the required codeword is
m\ (n—m
k r—k

As there are (") ways altogether of choosing the codeword, by the principle of sym-

metry we have

PH=k)= % (5.18)
The law of (5.18) is called the hypergeometric distribution (this name is inspired by
the similarity in form to objects called hypergeometric functions).

Example 5.20 A bank of 18 binary symbols contains eight zeroes. It is required to
form a codeword of length 5. If such a codeword is chosen at random, what is the
probability that it contains three ones?

Solution We have n = 18, m = 8 and r = 5.

We want
PH=2)= (2)(1??) =0.39
R G/ R
5
Although we have developed the hypergeometric distribution in the context of code-

words, it is clearly applicable in any example where we are selecting from a large group
containing two different kinds of object.

FExercises

5.1. A discrete random variable X has range {0,1,2,3,4,5} and the first five terms of its
cumulative distribution are
1 1 1 1
F0)=0, F(1) = g’ F(2)=-, F(3) = 3 and F(4) = 3
Find the probability law of X.
5.2. Three fair coins are tossed in succession. Find the probability law of the random
variable ‘total number of heads’.
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5.3. If X is a random variable with range {1, x2, ..., 2, } show that
(i) P(X >z,)=1— F(z,—1),

(i) Pz, < X < xs) = F(xs-1) — F(zy),
(iii) P(x, < X < xs) = F(xs) — F(z,),
(iv) Pz, < X < xs) = F(xs-1) — Fap—-1).

5.4. Three tickets are chosen at random from a bag containing four red ones, five yellow
ones, two blue ones and one red one. Use a combinatorial argument to obtain a
formula for the probability law of the random variable: number of yellow tickets.
Hence calculate each of these probabilities. [Hint: If you find this one difficult, you
should try it again after reading Section 5.8.]

5.5. Find the mean, variance and standard deviation of the random variable of Exam-
ple 5.1.

5.6. Use induction to show that

E(X;+ Xo+ -+ X,) =E(X)) +E(X2) +--- + E(X,,)

where X1, Xo,..., X, are arbitrary random variables.
5.7. Show that if ¢ is constant then

Var(X + ¢) = Var(X).

5.8. Show that, if X, Y, Y7 and Y5 are arbitrary random variables and « and ( are
real numbers,

(a) Cov(X, V) =E(XY) -E(X)E(Y),
(b) Cov(X,aY; 4+ 8Y2) = aCov(X,Y7) + SCov(X, Ya),
(¢) Var(X +Y) = Var(X) + 2Cov(X,Y) + Var(Y).

5.9. Deduce from Exercise 5.8 above that
1
Var(X) + Var(Y) = g[Var(X +Y)+ Var(X - Y)].

5.10. Show that

(a) E(XY)? = E(X?)E(Y?) when Y = mX,
(b) |Cov(X,Y)| = oxoy when X and Y are linearly related.

5.11. If p, q and r are three probability laws, show that

(i) pxq=qxp,
()" (pxq)xr =px(g*r).
5.12. If X takes values {1,2,...,n} with probability law p, find 1 * p, where 1 <1 <mn,
and give an interpretation of your result in terms of random variables.
5.13. Show that X and Y are uncorrelated if and only if

E(XY) =E(X)E(Y).
5.14. Let X and Y be independent random variables; show that

Var(X —Y) = Var(X + Y).



5.15.

5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

5.22.

5.23.

5.24.
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If X, Y and Z are independent random variables, show that X +Y and Z are also
independent. Hence, prove that if X7, X5,...,X,, are i.i.d random variables:

\mwmnziﬁmuﬂ

If X and Y are independent and E and F are arbitrary subsets in their ranges,
show that

P(X € E)n(Y € F)) = P(X € E)P(Y € F).

Let X1,X5,...,X, and Y7,Y5,...,Y, be two sets of i.i.d random variables such
that X; and Y; are independent whenever j # i. Writing S, = Xi + Xo +-- -+ X,,
and T, = Y1 + Yo 4+ --- + Y, show that

: Z COV(va YJ)

noxoy “
j=1

where ox (respectively oy) is the common standard deviation of the X;s (respec-
tively, the Y;s).

Consider a simple random walk S(n) = X; + X5 + - - - + X,,. Before each step, the
random walker tosses a fair coin represented by the symmetric Bernoulli random
variable Y; taking values {0,1}. For each 1 < j < n, we are given the conditional
probabilities

Find each p(X,,Y;) and p(S,, Tv).

Find the probability that a simple random walk will be at the point (a) —1 after
three steps, (b) 0 after four steps.

Find E(S(n)) and Var(S(n)) for a random walk in which each P(X; = 1) = p and
P(Xj:— )Zl—p.

A random walk is the sum of n i.i.d random variables for which

PX;=-1)=p, P(X;=0)=1-p—¢q, P(X;=1)=¢q

Find E(S(n)) and Var(S(n)). Find also the probability that P(S(2) = 0) when
p=0.35 and ¢ = 0.25.

Let X have a uniform distribution with range {—2,—1,1,2} and let Y = X? so
that Y has range {1,4}. Find the joint distribution of X and Y and hence deduce
that X and Y are uncorrelated but not independent. (Note: This example appears
on p. 222 of Feller’s book.)

Fifteen items are selected from a production line, each of which has a probability
of 0.3 of being defective. Use the binomial distribution to calculate the probability
that (a) three items are defective, (b) more than four are defective, (¢) more than
eleven items are not defective, (d) less than five are defective, (d) between two and
six (inclusive) are defective.

A binomial random variable has mean 10.4 and variance 3.64. Find the probability
that it takes the value 7.



92 Discrete random variables

5.25. Show that if X ~ b(n,0.5) then
p(j) =p(n—j)for 1 <j<n

Calculate the probability law when n = 5.
5.26. Show that the cumulative distribution F(r) for a Poisson distribution of mean y is

2 T
F(r)y=e* (1+u+%+---+%).

5.27. A sample of a radioactive material emits a-particles at a rate of 0.7 per second.
Assuming that these are emitted in accordance with a Poisson distribution, find
the probability that in one second (i) exactly one is emitted, (ii) more than three
are emitted, (iii) between one and four (inclusive) are emitted.

5.28. Verify that > °2, p(r) = 1, where p(r) = p(1—p)"~* for 0 < p < 1 is the probability
law of a geometric random variable.

5.29.x Show that if Y is a geometric random variable with parameter p, then

Var(Y) = 1p_2p
[Hint: First calculate E(Y?), write 72 = 7(r — 1) + r and imitate the argument for
E(Y') using second derivatives this time.]

5.30. A binary message is transmitted over a channel at a rate of one symbol per second.
Each symbol is independent of the preceding ones and has probability 0.6 of being
a one. Find the probability that

(a) the first one is the second symbol to be received,
(b) the first zero is the fourth symbol to be received,
(c) the message received is 01110,

(d) the second one is received as the fourth symbol.

5.31. Show that the mean of the negative binomial random variable N with parameters
r and p is given by

5.32. Convince yourself that IV is the sum of r geometric random variables of parameter
p and hence give an alternative verification of the result of the preceding question.
5.33. Use the hypergeometric distribution to find the probability that there are

(i) two aces,
(ii) three aces,
(iii) four aces in a hand of poker.

5.34. If H is a hypergeometric random variable with parameters n, m and r, show that
(m—) (&)

()

m

5.35. Use the identity (x + y)™™ = (z + y)™(z + y)" and the binomial theorem to

show that
()= 065)

P(H=k) =



5.36.

5.37.

5.38.

5.39.

5.40.
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Use this result and (5.8) to prove that if X and Y are independent with X ~ b(n, p)
and Y ~ b(m,p), then X +Y ~ b(n + m,p).

Show that if X and Y are independent with X ~ 7(A) and Y ~ 7(u), then
X+Y ~7(A+p).

The moment generating function M, (t) of a random variable X is defined by

Mx (t) = E(e™)

for each t € R so that
Mx(t) = Zetwjpj
=0

if X has finite range. Show that the nth moment of X,
E(X") = © M (1)
= g X le=0-

(a) If X ~ b(n,p) show that

Mx(t) = [pe’ + (1 - p)]"™.
(b) If X ~ w(\), show that

My (t) = exp[A(e! — 1)].

Hence, using the result of Exercise 5.37, confirm that

E(X) =\ = Var(X)

Find also E(X?) and E(X*?) by this method.
(a) If X and Y are independent, show that

Mx iy (t) = Mx (t) My ().
(b) If X1, Xo,..., X, are i.i.d with common generating function M (t) show that
M@y (t) = (M(1))".

Let X be a random variable with range {1, 22,...,z,} and law {p1,p2,...,pn}
and let Y be a random variable with range {y1,y2, ..., ym} and law {q1, 42, . . ., g }-
We will use the notation

pi(yk) = Px=o;(Y =yx) (1<j<n,1<k<m)

(i) Show that > ;" pj(yr) =1 for each 1 < j < n.
For each 1 < j < n, let Y; denote the random variable with range {y1,ya, - - - ,¥m}
and law {p;(y1),p;(y2),...,pj(ym)}. For 1 < j < n, the expectation value E(Y})

is called the conditional expectation of Y given X = x; and is sometimes denoted
E;(Y) or Ex—s,(Y), so

E;(Y) = ykp;(ur).
k=1

We consider another random variable Ex (V') called the conditional expectation
of Y given X with range {E1(Y),Ex(Y),...,E,(Y)} and law {p1,p2,...,0n}
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(ii) Show that E(Ex(Y)) = E(Y). [Hint: E(Ex(Y)) = 37 E;(Y)p; ]
5.41.x Let X and Y be independent random variables each with range N U {0} and use
the notation of the last question:
(a) Show that if 1 < k < n, then
P(X=kPY =n—k)
P(X+Y =n)
(b) Now let X and Y be independent Poisson distributed random variables with
means A; and Ay, respectively, and let X,, be the random variable whose law

Pxiv—n(X =k)=

is given by

Show that X,, has a binomial distribution and find its parameters.
(¢) Find Exyy—n(X) = E(X,).

Further reading
Many of the books listed in preceding chapters can be consulted for more information
about random variables. In particular Feller, Chung, Grimmett and Walsh, Ross and

Rényi are highly recommended.



6
INFORMATION AND ENTROPY

6.1 What is information?

In this section we are going to try to quantify the notion of information. Before we

do this, we should be aware that ‘information’ has a special meaning in probability

theory which is not the same as its use in ordinary language. For example, consider

the following two statements:

(i) T will eat some food tomorrow.

(ii) The prime minister and leader of the opposition will dance naked in the street
tomorrow.

If T ask which of these two statements conveys the most information, you will (I
hope!) say that it is (ii). Your argument might be that (i) is practically a statement
of the obvious (unless I am prone to fasting), whereas (ii) is extremely unlikely. To
summarise:

(i) has very high probability and so conveys little information,
(ii) has very low probability and so conveys much information.
Clearly, then, quantity of information is closely related to the element of surprise.
Consider now the following ‘statement’
(iii) XQWQ YK VZXPU VVBGXWQ.

Our immediate reaction to (iii) is that it is meaningless and hence conveys no infor-
mation. However, from the point of view of English language structure we should be
aware that (iii) has low probability (e.g. Q is a rarely occurring letter and is generally
followed by U, (iii) contains no vowels) and so has a high surprise element.

The above discussion should indicate that the word ‘information’, as it occurs in
everyday life, consists of two aspects, ‘surprise’ and ‘meaning’. Of the above three
examples, (i) has meaning but no surprise, (iii) has surprise but no meaning and only
(ii) has both.

The mathematical theory of information which we are going to develop in this
chapter is solely concerned with the ‘surprise’ aspect of information. There are two
reasons for this. Firstly, information theory was originally developed within the con-
text of communication engineering, where it was only the surprise factor that was
of relevance. Secondly, ‘meaning’ has so far proved too difficult a concept to develop
mathematically. The consequence of this is that we should be aware that ‘information’
in this chapter has the restricted technical meaning of ‘measure of surprise’. Hence,

95
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statements such as (iii) above may well have a high information content, even though
we consider them meaningless.

Let (S, B(S), P) be a probability space. In this chapter we will take #(S) = n and
B(S) = P(S). We would like to be able to measure the information content I(E)
of an event E € B(S). From the above discussion, it seems clear that I should be
a decreasing function of P(E), the probability of E, that is, if E, F € B(S) with
P(E) < P(F), then I(E) > I(F). To gain further insight into the form of I, suppose
that we draw a card at random from a pack of 52 and consider the following events:

(i) the card is a heart (Ey),
(ii) the card is a seven (FEz),
(iii) the card is the seven of hearts (E; N Es).

We have by the principle of symmetry, P(Ey) = 1, P(Ey) = &, P(E1 N E2) = .
Note that F4 and E» are independent events. From our above discussion, we have

Our intuition tells that the amount of information I (E; NE>) that we get from learning
(iii) is the sum of the information content of Fy and FEs, that is, if Fy and Ey are
independent we have

(b) I(Ex N E3) = I(E1) + I(E2).

Together with (a) and (b) we will impose the commonsense condition that there is no
such thing as negative information, that is,

(¢) I(E) > 0 for all E € B(S).

We now look for a candidate for a function which satisfies (a), (b) and (c). In fact it
can be shown that the only possibilities are of the form

I(B) = —K log,(P(E)) (6.1)

where a and K are positive constants. You should check using the laws of logarithms
that (a), (b) and (c) above are all satisfied by (6.1), with the sole exception of events
for which P(E) = 0, in which case I(E) = co. Although (c) is violated in this case, we
regard this as desirable—it indicates the non-feasibility of ever obtaining information
about an impossible event. Equation (6.1) also has the desirable property that if the
event E is certain, it contains no information as log, (1) = 0.

Note that since log,(Y) = :Zgzgg;, the choice of a is effectively a choice of the
constant K and hence will only alter the units which I(E) is measured in. Throughout
this book we will make the standard choice K = 1 and a = 2. Hence, we define the

information content of the event E by

I(E) = —logy(P(E)) (6.2)
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K =1 is chosen for convenience. The choice of a = 2 is motivated by the following
simple situation. Suppose that we have a symmetric Bernoulli random variable X
taking values 0 and 1; then with the above convention we have

I(X=0)=I(X=1)=—log, (%) =1

The units of information content are bits. So we gain one bit of information when we
choose between two equally likely alternatives.

As we will be using logarithms to base 2 extensively from now on we will just write
log, () = log(x). When directly calculating information content you should use the

change of basis formula quoted above in the form log,(x) = %

Example 6.1 A card is drawn at random from a pack of 52. What is the information
content of the following events: (i) the card is a heart, (ii) the card is a seven, (iii) the
card is the seven of hearts.

Solution Using the probabilities calculated above, we have

(i) I(E1) = —log(%) = 2.00 bits, as 4 = 22.

(i) I(E2) = —log(45) = 1;((123)) = 3.70 bits (to three significant figures).
(iii) Since E; and Es are independent, we have

I(Ey N Ey) = I(Ey) + I(E2) = 2 + 3.70 = 5.70 bits.

We observe that the information content of an event depends only upon its
probability. In the following, we will often be concerned with the events (X =
x1), (X = z2),...,(X = x,) arising from a discrete random variable X with range
{z1,xa,...,x,} and law {p1,p2,...,pn}. In this case we will write

I(p)) =1(X ==z;) (1<j<n)

6.2 Entropy

Given a discrete random variable X, as described above, we cannot know for sure
which of its values, x1, x2, . .., z, will occur. Consequently, we don’t know how much
information I(p1),I(p2),...,I(p,) we will be receiving, so that we may regard the

information content of X itself as a random variable which we denote as I(X). Clearly,
it has range {I(p1),I(p2),...,I(pn)}. The mean of I(X) is called its entropy and is
denoted by H(X), so that

H(X)=E(I(X)) =— ij log(p;) (6.3)
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Hy(p)

W= e ]

Fig. 6.1.

Note: In the case where p; = 0, p;log(p;) is not well defined. We will define it to
be zero or, to be more specific, whenever you see the function plog(p) you should
understand it to ‘really mean’ the function ¢ : [0, 1] — [0, c0), where

¢(p) = plog(p), when p # 0
#(0) =0

The use of the terminology ‘entropy’, which has its origins in thermodynamics and
statistical physics, deserves some explanation. It was first introduced into information
theory by its founder Claude Shannon (about whom more will be told at the end of the
next chapter). When he first realised the importance of expression (6.3) in the theory,
he consulted the great mathematician John von Neumann about a suitable name for it.
Von Neumann’s response (as reported by Myron Tribus) was as follows ‘You should call
it “entropy” and for two reasons: first, the function is already in use in thermodynamics
under that name; second, and more importantly, most people don’t know what entropy
really is, and if you use the word “entropy” in an argument you will win every time!’
We will return to the connection between entropy and thermodynamics in Section 6.5
below. To gain some insight into the nature of entropy we consider some examples.

Example 6.2 Find the entropy Hy(p) of a Bernoulli random variable of parameter p.

Solution A simple application of (6.3) yields

Hy(p) = —plog(p) — (1 — p)log(1 — p) (6.4)

The graph of Hy(p) against p is shown in Fig. 6.1. Note that Hy(p) attains its
maximum value of one bit when the random variable is symmetric, that is, p = % (see

2
also Exercise 6.6).

Example 6.3 A coin is biased so that the probability of a head is (i) 0.95, (ii) 0.60,
(iii) 0.5 (no bias). Calculate the entropy in each case.
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y y=x-1

Fig. 6.2.

Solution Using formula (6.4) yields the following:

(i) Hy,(0.95) = 0.286 bits,

(i) Hy(0.60) = 0.971 bits,
(i) Hy(0.5) = 1.000 bit.

Let us consider Example 6.1 from the point of view of the person who has biased the
coin and is now trying to make some money by gambling with it. How certain is s(h)e
of winning at each toss? In (i) s(h)e is quite sure of winning and the entropy is low.
In (ii) s(h)e is far less sure and the entropy is much higher. In (iii) s(h)e is in a state
of maximum uncertainty and the entropy takes its maximum value. This leads us to
the following conclusion:

Entropy is a measure of uncertainty

In order to describe some of the general properties of entropy, we need the following
very important inequality.

Lemma 6.1 In(z) < z — 1 with equality if and only if z = 1.

Proof Figure 6.2 says it all, but those who aren’t satisfied should try Exercise 6.4.
U

Theorem 6.2 Let X be a discrete random variable, then

(a) H(X) > 0 and H(X) =0 if and only if X takes one of its values with certainty,
(b) H(X) <log(n) with equality if and only if X is uniformly distributed.

Proof

(a) Non-negativity of H(X) is obvious from (6.3). Now suppose that H(X) = 0; then
each p;log(p;) = 0, hence we must have for some k(1 < k < n) that p; = 0(j #
k), pr = 1.
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(b) First suppose that p; > 0(1 < j <n). By (6.3) we have

H(X) = log(n) = —lné) S p In(py) + In(n)
j=1
1 n
T () ;pﬂ‘ﬂn@j) +In(n)] by (5.1)
1 n )
= _ln(2) j;pj In(p;n) ()

VAN
ja—
=
| =
N
(]
i
<
N\
<]
—
S

|
—_
N———

j=1
by Lemma 6.1
1 (1
< -
“h |2 (n pﬂ)
Jj=1
=0 by (5.1) again

. . . 1 _ . _ 1
By Lemma 6.1 we have equality if and only if Py 1 =0, that is, each p; = -, as
is required.
Now suppose that pp = 0 for some k; then returning to line (*) above we have

1
—prIn(prn) =0 < — =Dk
and the result remains valid. O

The result of Theorem 6.2 should confirm our earlier intuition that entropy is a
measure of uncertainty. Part (a) tells us that H(X) is zero precisely when we have
zero uncertainty, and part (b) shows that entropy is a maximum precisely when we are
maximally uncertain, that is, when all options are equally likely. We will from now on
write H,, to denote the entropy of a uniform distribution whose range has size, n, so

H, =log(n)

We note that if m < n, log(m) < log(n), so that H,, < H,. Again, this confirms our
intuition since we are more uncertain when we choose from a larger group of equally
likely objects than when we choose from a smaller such group.

Part of the importance of the concept of entropy in probability theory is not just
that it is a measure of uncertainty but that it is the only reasonable candidate to be
such a measure. The ‘uniqueness theorem’ which establishes this result is a little more
difficult than usual and so has been included, for those readers who are interested, in
a separate section at the end of the chapter.
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It may seem strange to some readers that we are using what is, by definition, the
average information content of a random variable as a measure of its uncertainty. The
key is to realise that uncertainty represents ‘potential information’ in the sense that
when a random variable takes on a value we gain information and lose uncertainty.

6.3 Joint and conditional entropies; mutual information

Let X and Y be two random variables defined on the same probability space. We
define their joint entropy H(X, Y) to be

Zzpﬂc log p]k (65)
Jj=1 k=1

Clearly, H(X, Y) is a measure of the combined uncertainty due to our ignorance of
both X and Y. We note that H(X, Y) = H(Y, X).

Example 6.4 Find the joint entropy of the random variables X; and X, defined in
Example 5.11, on pages 76-7.

Solution

(a) We have H(X1,X3) = —4 x 1 x log(3) = two bits.
(b) H(X1,X3) =—2 x $log(3) = one bit.

We note how the dependence between the random variables in (b) has led to a reduc-
tion in entropy. To explore the relationship between dependence and entropy more
carefully we will need another entropy concept. First some notation: we will denote
as p; (k) the conditional probability that ¥ = k given that X = j. We then define the
conditional entropy of Y given that X = j, H;(Y) by

Hj(Y) ==Y pj(k)log(p;(k)) (6.6)
k=1

where it is understood that p;(k) > 0.

H;(Y) measures our uncertainty about Y when we know that the event (X = x;)
has occurred.
Notes:

(i) From the point of view of Exercise 5.40, we have
Hy(Y) = H(Y;).
(ii) If p; = 0 so that p;(k) is undefined for all k, we define

H;(Y)=H(Y).
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Now consider the random variable H.(Y), which has range { H1(Y"), H2(Y), ..., H,(Y)}
and probability law {p1,p2,...,pn}, so that H.(Y) is a function of X. We define the
conditional entropy of Y given X, Hx(Y') by

Hx(Y) = BUL(Y)) = Y p; H(Y) (67)

so that Hx(Y) is a measure of the uncertainty we still feel about Y after we know
that X has occurred but don’t know which value it has taken (Hx(Y') is sometimes
called the equivocation).

Lemma 6.3

==> " pjrlog(p;(k (6.8)

j=1k=1

Proof Combine (6.6) and (6.7) to find that

== pp;(k)log(p;(k))

j=1k=1

and the result follows from (4.1). O

Lemma 6.4 If X and Y are independent, then

for 1<j<n, 1<k<mwhen X and Y are

Proof Using the facts that p;(k) = qx
and (5.7) that

independent, we see from (6.8)

==Y pjarloglax) = H(Y) by (5.1)

Jj=1k=1

0

Example 6.5 A particle moves along the network shown above. The random variable
X denotes its position after one second, for which there are two choices (labelled a and
b) and the random variable Y is its position after two seconds, for which there are four
choices (labelled 1, 2, 3 and 4). X is a symmetric Bernoulli random variable and we
are given the following conditional probabilities (Fig. 6.3): for Y, pa(1) = 3, pa(2) =
5:26(3) = pp(4) = 3 (where po(1) = px=a(Y = 1), etc.).

Calculate (a) Ho(Y), (b) Hp(Y), (¢c) Hx(Y), (d) H(X, Y).

Solution

(a) Using (6.6),

2 1 1
H,(Y) = -3 log (—) ~3 log (§> = 0.918 bits.
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Fig. 6.3.

(b) Similarly,
1 1
Hy(Y)=-2x 3 log (§> = 1.000 bits.

(¢) Hx(Y) = LH,(Y) + L Hy(Y) = 0.959 bits by (6.7).
1), w

(d) Using (4.1), we compute the joint probabilities
(L) = 2, p(1,2) = =, p(2,3) = p(2,4) = ~
p Y - 37 p ) - 67 p Y _p ) - 4
Hence by (6.5), H(X, Y) = 1.959 bits.
Note that in the above example, we have
H(X,Y) — Hy(Y) = 1= H(X)
More generally we have the following.
Theorem 6.5
H(X,Y)=H(X)+ Hx(Y)
Proof Using (4.1) in (6.5) yields
H(X,Y) = => > pilog(p;(k)p;)
j=1 k=1
= =Y > pirlogpi(k) = Y > pjxlog(p;)
j=1 k=1 j=1k=1
and the result follows by Lemma 5.4(i). O

Theorem 6.5 has the pleasant interpretation that the combined uncertainty in X
and Y is the sum of that uncertainty which is totally due to X and that which is still
due to Y once X has been accounted for. Note that, since H(X, Y) = H(Y, X), we
also have

H(X,Y)=H(Y)+ Hy(X)

Corollary 6.6 If X and Y are independent
HX,)Y)=H(X)+ H()
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Proof Apply Lemma 6.4 to the result of Theorem 6.5. O

Now Hx(Y) is a measure of the information content of Y which is not contained
in X; hence the information content of Y which is contained in X is H(Y) — Hx(Y).
This is called the mutual information of X and Y and is denoted I(X,Y’), so that

I(X,Y)=H(Y) - Hx(Y) (6.9)

We collect some properties of mutual information in the following theorem.

Theorem 6.7
(@) 100.Y) = 3 30 pjlos (57).

(b) I(X,Y) = I(Y X).
(c) If X and Y are independent, then I(X,Y) = 0.

Proof
(a) Using Lemma (5.4) (i) we find that

n m

Z grlog(ar) = — Y Y pjrlog(ar)

j=1k=1

Hence, by (6.9) and (6.8)

= =3 pirloglar) + > pirlog(p;(k

Jj=1k=1 7j=1k=1
and the result follows when we write p; (k) = 2.
J

(b) Immediate from (a).
(c) Follows from (6.9) and Lemma 6.4.

0

Note: Even if, say, p; = 0 for some j, check via Lemma 5.4 that the formula in
Theorem 6.7(a) is still meaningful.

From Theorem 6.7(b), we see that I(X,Y") also measures the information about X
contained in Y. We will gain more insight into this concept in the next chapter when
we study information transmission.

Example 6.6 Calculate I(X, Y) for the data of Example 6.4.

Solution In this case we have

1 1 q 1
- = — an = = =
) 42 6 43 = g4 5

(J1:3

hence
H(Y)=H(X,Y) = 1.959 bits

So using (6.9) and the solution of Example 6.4(c), we find
I(X,Y) = 1.959 — 0.959 = 1.000 bits
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The interpretation of the solution of Example 6.5 is that Y contains all the information
about X (i.e. 1bit) or, alternatively, that none of the information contained in X is
lost on the way to Y.

6.4 The mazimum entropy principle

In Chapter 4, we introduced the symmetry principle for estimating unknown proba-
bilities. Essentially, we argued that in a situation where we have no information about
the events (i.e. we have maximum uncertainty) we should assume that the events are
uniformly distributed. In Theorem 6.2 we have seen, however, that the uniform dis-
tribution occurs when we have maximum entropy and, furthermore (see Section 6.6*
below), entropy is the unique measure of uncertainty. Hence we can rephrase the
principle of symmetry as a ‘principle of maximum entropy’. This would be a purely
semantic operation except that our new principle is far more powerful than the old one
in that it also gives us a mechanism for assigning probabilities when we have partial
information about the events. To illustrate this principle in action we will describe an
important example due to E. T. Jaynes, who first proposed this principle.

Let X be a random variable with range {x1,x2,...,2,} and unknown law
{p1,p2,-.-,pn}. Suppose that we have some information about X, namely, that
E(X) = E, where E is some given constant. If F is different from the number given
by Example 5.7(b), we know that X cannot have a uniform distribution. Which law
should we associate to it? Using the technique of Lagrange multipliers (see Appendix 2
if this is not familiar to you) we maximise the entropy H(X) subject to the two
constraints:

Hence we must find the maximum value of the function of (n 4 2) variables given by

j=1 j=1

+ w|> xp—E
=1

where A and p are the Lagrange multipliers.
Differentiating yields the following (n 4 2) simultaneous equations in the unknowns:

oL 1

ap;  In(2)

(In(pj) + 1) + A+ pz; =0 (1 < j<n)

and the two constraints (i) and (ii). Solving these for each p; we obtain n expressions
of the type
pi =exp(\ +p'z;) (1<j<n)

where M =1n(2)A — 1 and ¢/ = In(2)p.
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From (i), we find that we must have ' = —In(Z(y')), where

Z(W) =" exp(p/'zy) (6.10)
j=1
thus we obtain for the entropy maximising probabilities
exp(p'z;)
pj = W,)J (6.11)

for1 <j<n.

Now that A has been eliminated it remains only to find the value of u, but this is
determined by (ii) above. Expression (6.10) is called the partition function and the
probability law (6.11) is named the Gibbs distribution after the American physicist J.
W. Gibbs (see Exercise 4.9). We will have more to say about the connection of (6.10)
and (6.11) with physics in the next section. We conclude this one by giving a clear
statement of the principle of maximum entropy.

6.4.1 Principle of maximum entropy

Given a random variable X with unknown law p1,pa, ..., p, we always choose the p;s
so as to maximise the entropy H(X) subject to any known constraints.

This principle gives a modern and far more powerful version of the principles of
symmetry and insufficient reason, discussed within the context of the classical theory
of probability in Section 4.2. In particular, it tells us that the Gibbs distribution (6.11)
is the natural alternative to the uniform distribution when we are ignorant of all but
the mean of our random variable.

6.5 Entropy, physics and life

Consider a liquid or gas inside some container. The fluid consists of a vast collection
of particles in motion, all with different individual energies. We consider the random
variable X whose values x1, xs, ..., x, are the possible energies of these particles, and
apply the maximum entropy principle to find the law of X with the constraint that the
average energy F is fixed. This is precisely the problem we faced in the last section and
we know that the solution is given by (6.11). To make contact with known physical
quantities, let T" be the temperature of the fluid and define the inverse temperature
parameter 0 by

1
sy
where k is a constant called Boltzmann’s constant (k = 1.38 x 10723 joules per kelvin).

The Lagrange multipliers appearing in the preceding section are then given the fol-
lowing form:

W= —pand N = —In(Z(n)) = BF

where F' is called the Helmholtz free energy (we will give a physical interpretation of
F below). We thus obtain, for each 1 < j <mn,

pj = exp B(F — x;) (6.12)
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This distribution is well-known in physics as that which describes the fluid in thermal
equilibrium at temperature 7.
Taking logarithms of both sides of (6.12), we obtain

B
In(2

Hence, on applying (4.1) and (5.4) in (6.3), we find

log(p;) = (F'— i)

~

HX) = =3 outo) - g (E-F)
Now define the ‘thermodynamic entropy’ S(X) by
S(X)=kIn(2)H(X) (6.13)
then we obtain the equation
F=E-TS(X) (6.14)

Equation (6.14) is a well-known equation in statistical physics. Its interpretation is
in terms of the law of conservation of energy. Recall that E is the average internal
energy of the fluid, F' is then the average energy of the fluid which is free to do
work, while T'S(X) is the (heat) energy which maintains the fluid in equilibrium at
temperature T'. We remark that here we have obtained (6.14) as a simple consequence
of the principle of maximum entropy.

The physicist Clausius originally introduced the concept of entropy into thermody-
namics. He considered a small quantity of heat energy d@ absorbed by a system at
temperature T" and defined the entropy change d.S by the formula

_dQ
T T

Now as heat can only flow from hot to cold bodies (and never vice versa), the only

ds

entropy changes that are possible are when a body loses heat at temperature T3
which is then absorbed by another body at temperature T,, where 75 < Tj. The
corresponding entropy change is

These considerations led Clausius, in 1865, to postulate the second law of thermody-
namics, namely, that the entropy of a closed system can never decrease. Indeed, as a
closed system is, by definition, isolated from any interaction with the world outside
itself, both observational evidence and the above considerations tell us that such a
system should maximise its entropy and attain the Gibbs distribution (6.12) where it
is in thermal equilibrium.

Entropy in physics is often described as a measure of “disorder”. To understand
why, one should appreciate that a fluid in equilibrium is in a changeless and uniform
state. It is disordered in the sense that it is highly unlikely that the fluid will organise
itself to leap out of the container and go and turn on the nearest television set! Such
behaviour requires a high degree of order and would, in fact, correspond to entropy
increase rather than decrease. Since such ordered, organised behaviour is the hallmark
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of living systems, the physicist E. Schrodinger, in his famous book What is Life?
introduced the concept of ‘negative entropy’ (—S) and argued that it is a characteristic
of living things to absorb such negative entropy from their environment.

In this chapter, we have seen how the notion of entropy describes information,
uncertainty and disorder. It is clearly a remarkable concept and it is worth closing
this section by quoting the words of the astronomer A. Eddington from his book The

Nature of the Physical World (written before the discovery of information theory).
Suppose that we were asked to arrange the following in two categories—distance, mass,
electric force, entropy, beauty, melody.

I think there are the strongest possible grounds for placing entropy alongside beauty and
melody, and not with the first three. Entropy is only found when the parts are viewed in
association, and it is by viewing and hearing the parts in association that beauty and melody
are discerned. All three are features of arrangement. It is a pregnant thought that one of
these three associates should be able to figure as a commonplace quantity of science. The
reason why this stranger can pass itself off among the aborigines of the physical world is that
it can speak their language, viz., the language of arithmetic.

6.6 * The uniqueness of entropy

In this section, which is at a higher level of mathematical sophistication than the rest
of this chapter, we will give a proof that entropy is the unique measure of uncertainty.
The proof is based on that originally given by C. Shannon and then refined by A. I.
Khintchin. It is not a prerequisite for any other part of this book and readers who find
it too hard are encouraged to skip it.

Let X be a random variable with law {p1, ps, . .., pn}. We say that a real valued func-
tion U(X) (which we will sometimes write, where appropriate, as U(p1,p2,...,Pn)) is
a measure of uncertainty if it satisfies the following conditions:

(i) U(X) is a maximum when X has a uniform distribution.
(ii) If Y is another random variable, then

U(X,Y) =Ux(Y) + U(X).

(iil) U(p1,p2s---Pn,0) = U(p1,D2,-- -, Pn)-
(iv) U(p1,p2, .. .,pn) is continuous in all its arguments.

Before we present our main result, we comment on the definition above. We have
derived (i) and (ii) already as properties of the entropy and argued as to why they are
natural properties for a measure of uncertainty to possess. Item (iii) simply states that
the uncertainty should not change when we also take into consideration the impossible
event, and (iv) is a useful technical property. We also need to make some comments
on the meaning of (ii). Given two random variables X and Y, we define U;(Y), the
uncertainty of Y given that X = z;, by

U;j(Y)=Ul(p;(1),p(2),...,p;(m))

where the p;(k)s are the usual conditional probabilities. We then define

Ux(Y) = piUs(Y)
j=1
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It is not difficult to see that Ux(Y) = U(Y) when X and Y are independent. Finally,
the joint uncertainty U(X,Y) is defined by

U(X, Y) = U(pll,pw, s apnm)

where the p;;s are the joint probabilities for X and Y.
We are now ready to present the uniqueness theorem.

Theorem 6.8 U(X) is a measure of uncertainty if and only if

UX)=KH(X)
where K > 0 is a constant.
Proof Define A(n) =U (%, %, cee %) We will split our proof into three parts:

(a) In this part we show that A(n) = K log(n), thus establishing the theorem in the
case where X is uniformly distributed. By (iii) and (i) we have

A(n)_U(l 1 %0) <A(n+1)

3 )
n'n
So A is a non-decreasing function of n.

Now let X1, Xo,...,X,, be i.i.d. uniformly distributed random variables, each with
r values in its range, so that each U(X;) = A(r), 1 <j < m, then by (ii) we have

U(Xl,Xg) = U(Xl) + U(XQ) = 2A(T)
and by induction
U(Xl, XQ, ceey Xm) = mA(’I”)

However, the random vector X = (X1, Xs,...,X,,) has r™ equally likely outcomes
and so

U(Xl,Xg, . .,Xm) = A(T‘m)
So we have that
A(r™) = mA(r)

This result would also hold if we used n i.i.d random variables, each with range of
sizes s, that is,

A(s™) = nA(s)
Now choose r, s, n arbitrarily and let m be such that
P < s < et P(i)
(e.g. =2, s =3 and n = 4 force us to take m = 6).
Using the fact that A is a non-decreasing function, we obtain
A(r™) < A(s™) < A(r™Th)
hence

mA(r) <nA(s) < (m+1)A(r)
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that is,
m Al m 1
n~ Alr) T n n
that is,
A(s) m 1 "
_ D« Z P
‘A(r) n| " n (i)

Now take logs of both sides of P(i) to obtain
mlog(r) < nlog(s) < (m+ 1)log(r)

from which, by a similar argument to that given above, we find

<L P(iii)

n

log(s) m

log(r) n

Now, using the triangle inequality that for any two real numbers a and b, |a + b| <

|a| + |b], we obtain
G5+ ()

’A(S) log(s)
A(s) m]|  |log(s) m
|

Alr)  log(r)

A(r) n log(r) n
< 2 by P(ii) and eqP(iii)
n

Since n can be made as large as we like, we must have
A(s) _ log(s)
A(r) ~ log(r)

from which we deduce that A(s) = K log(s). The fact that A is non-decreasing yields
K > 0. So we have completed part (a) of the proof.

(b) We will now prove the theorem in the case that each p; is a rational number; to
this end, we put

n
M
_my _
D = gt where ij =m
J=1
Now introduce another random variable Y which has m values which we divide into
n groups as follows:

Y11, Y125+ - -5 Yimar Y21, Y225 - - -5 Y2may - - - 5 Ynls Yn2s - - - s Ynmy,

The reason for the strange grouping is that we want to make ¥ dependent on X and
we do this by defining the following conditional probabilities where we condition on
the event X = x,.:

1
PT(Y:yrk):m— for1 <k <m,

(s

P.(Y =ys)=0 for 1 <k<mg, s#r

forl1 <r<n.
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Hence, we obtain U,(Y) = K log(m,) by (a) and thus
n n mr

Ux(Y)= yUr(Y) =K — 1 r

X() = Dp) = K3 g

Now the joint probabilities
P(X=z,)N(Y =ysk)) =prP-(Y =ys1) =0 when s # r

imr 1 —

l for each 1 <k <m,
m o om, m
Hence by (a) again and P(iii) we deduce that
U(X,Y) = Klog(m)
Now by P(ii), we find that

U(X)

U(X,Y) = Ux(Y)

= Klog(m)— K E — log(m,.)
m
r=1

= —KZ M log (%) , as required

m
r=1

where we have used the fact that ) ._; = = 1. We have now completed the proof

of (b).

(c) We now let the probabilities be arbitrary real numbers so each p; can be approxi-

mated by a sequence of rationals p<N), where each p(N) can be written in the form

J j
given in (b) above. Let H")(X) be the corresponding sequence of entropies and

define

H(X)=- ij log(p;)

then we have that H(X) = limy . H™(X)

However, by the continuity assumption (iv) (p.106) and the result of (b), we also have
UX)= lim HN(X)

so by uniqueness of the limit, we must have U(X) = H(X) and we have completed
our proof. l

FExercises

6.1. Three possible outcomes to an experiment occur with probabilities 0.1, 0.3 and
0.6. Find the information associated to each event.

6.2. You are told that when a pair of dice were rolled the sum on the faces was (a) 2,
(b) 7. How much information is there in the two messages?

6.3. A word in a code consists of five binary digits. Each digit is chosen independently
of the others and the probability of any particular digit being a 1 is 0.6. Find the
information associated with the following events: (a) at least three 1s, (b) at most
four 1s, (c) exactly two Os.
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6.4.

6.5.

6.6.

6.7.

6.8.

6.9.

6.10.

6.11.

Using the facts that 1/t > 1 for 0 < ¢ < 1 and 1/t < 1 for ¢ > 1, show by
integration that

In(z) <x—1 forx>0.
Find the entropy when X is:

(a) the number of heads when two fair coins are tossed,
(b) distributed according to a Poisson law with mean 0.5.

The entropy of a Bernoulli random variable is given by

Hy(p) = —plog(p) — (1 — p)log(1 — p)
(a) Show that Hy,(0) = Hy,(1) = 0.

(b) Show that the graph of Hy,(p) is symmetric about the line p = 3, that is,
1 1 1
Hb(E—Q>—Hb(§+q> fOYOS(JS§-

(c) Use calculus to show that Hy(p) has a maximum at p = %. Hence sketch the
graph of Hy,(p).

Show that
9 HX) — ppryb2 - pn
X and Y are Bernoulli random variables with the distribution of X determined by

p= % We are also given the conditional probabilities

1 3
Px—oY =0) = 7 and Py (Y =1) = =
Calculate (a) H(X,Y), (b) Hx(Y), (¢) H(Y), (d) Hy(X), (e) I(X,Y).
Show that if {p1,...,pn} and {q1,...,qn} are two sets of probabilities, then we
have the Gibbs inequality

— pjlog(p;) < = p;log(q;)
=1 P

with equality if and only if each p; = ¢;(1 < j < n). [Hint: First assume each
pj > 0, consider Y77, p;log (%) and then use Lemma 6.1 and (5.1).]
Using Gibbs inequality (or otherwise) show that

Hx(Y) < H(Y)

with equality if and only if X and Y are independent.

Hence, deduce that I(X,Y) > 0 with equality if and only if X and Y are
independent.
Let X be a random variable with law {p1,p2,...,pn} and Y a random variable
with law {q1,¢g2,...,qn—1}, where each

Pj+1
g = —2—

= 1<j<n-1
1—]91( <j< )

Show that
H(X) = Hy(p1) + (1 —p1)H(Y)
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and hence deduce Fano’s inequality
H(X) < Hy(p1) + (1 = p1)log(n —1).

6.12. A random variable takes n possible values and only p; is known. Use the maximum
entropy principle to deduce expressions for ps, ps, ..., p, and comment on these.

6.13. Three particles have energies 1, 2 and 3 J, respectively, and their mean energy is
2.4J:

(a) Use the maximum entropy principle to find their probability distribution.
(b) (for those interested in physics) Find the equilibrium temperature of the system
and comment on its value.

6.14. Let X and Y be two random variables whose ranges are of the same size. Define
the information theoretic distance (or relative entropy) D(X,Y) of Y from X by

D(X,Y)=Y p;log (%)
j=1 !

(a) Show that D(X,Y) > 0 with equality if and only if X and Y are identically
distributed.
(b) Show that if Y has a uniform distribution, then

D(X,Y) =log(n) — H(X).

(c) Let W be the random vector (X,Y), so that the law of W is the joint distri-
bution of X and Y, and let Z be the random vector whose law is given by that
which W would have if X and Y were independent. Show that

D(W,Z) =I(X,Y)

6.15. The principle of minimum relative entropy asserts that a suitable posterior random
variable X is that for which the relative entropy D(X,Y) is minimised, where Y is
the prior random variable. Show that when Y is uniformly distributed this is the
same as requiring X to have maximum entropy.

6.16.* If we make a probability law ‘more uniform’, it seems reasonable that its entropy
should increase. Establish this formally as follows: For the random variable X with
range of sizes n, two of the probabilities p; and py where p, > p; are replaced
by p1 + € and py — ¢, respectively, where 0 < 2¢ < pa — p;. Prove that H(S) is
increased.

Further reading

The basic concepts of information, entropy, conditional entropy, etc., can be found in
any book on information theory. The granddaddy of all these books is the ground-
breaking The Mathematical Theory of Information by C. Shannon and W. Weaver
(University of Illinois Press, 1949), which comprises a reprint of Shannon’s original
paper together with a lucid introduction by Weaver. A deeper mathematical account
can be found in A. I. Khinchin’s Mathematical Foundations of Information Theory
(Dover, 1957). A fascinating discussion of the basics of information theory can be
found in A Diary on Information Theory by A. Renyi (Wiley, 1984), which is written
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as a diary kept by a fictitious student attending a course of lectures on the subject.
Some more references will be given at the end of the next chapter.

There is a nice discussion of entropy (including the maximum entropy principle) in
Hamming’s book quoted at the end of Chapter 4. For more on the maximum entropy
principle, consult the conference proceedings The Mazimum Entropy Formalism, (MIT
Press, 1979), edited by R. D. Levine and M. Tribus. Of particular interest therein is
the introductory article by Tribus (from which the quoted discussion between Shan-
non and von Neumann is taken), and a superb review by Jaynes. This latter article
contains some interesting reflections on the physical concept of entropy. Mazimum
Entropy Models in Science and Engineering by J. N. Kapur (Wiley Eastern, 1989)
contains a wealth of interesting applications, as does Mazimum Entropy Solutions to
Scientific Problems by R. M. Bevensee (Prentice Hall, New York, 1993). For a more
standard treatment of physical entropy, see the book by Isihara mentioned at the end
of Chapter 2.

Eddington’s The Nature of the Physical World is in the ‘Everyman Series’ (pub-
lished by J. Dent and Sons Ltd, 1935). The quote in the text can also be found in
Weaver’s introduction to Shannon and Weaver as cited above. Schrodinger’s What is
Life was originally published in 1944 and has recently (1992) been reissued by Cam-
bridge University Press within their Canto series.
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COMMUNICATION

7.1 Transmission of information

In this chapter we will be trying to model the transmission of information across
channels. We will begin with a very simple model, as is shown in Fig. 7.1, and then
build further features into it as the chapter progresses.

The model consists of three components. A source of information, a channel across
which the information is transmitted and a receiver to pick up the information at the
other end. For example, the source might be a radio or TV transmitter; the receiver
would then be a radio or TV and the channel the atmosphere through which the
broadcast waves travel. Alternatively, the source might be a computer memory, the
receiver a computer terminal and the channel the network of wires and processors
which connects them. In all cases that we consider, the channel is subject to ‘noise’,
that is, uncontrollable random effects which have the undesirable effect of distorting
the message leading to potential loss of information by the receiver.

The source is modelled by a random variable S whose values {a1,as,...,a,} are
called the source alphabet. The law of S is {p1,p2, ..., pn}. The fact that S is random
allows us to include within our model the uncertainty of the sender concerning which
message they are going to send. In this context a message is a succession of symbols
from S sent out one after the other. For example, to send a message in the English
language we would take n = 31 to include 26 letters, a blank space to separate words,
a comma, full-stop, question mark and exclamation mark.

The receiver R is another random variable with range {b1,bs,...,by}, called the
recetver alphabet, and law {q1,q2,...,qm}. Typically m > n (see e.g. Exercises 4.16
and 4.17). Finally, we model the distorting effect of the channel on messages by the
family of conditional probabilities {p;(j);1 < i < n, 1 < j < m}, where we have, as
usual, written each Ps—,, (R = b;) as p;(j). Clearly, for optimal successful transmission
in, for example, the case n = m where both alphabets are identical, we would like
each p; (i) to be as close to 1 as possible.

SOURCE CHANNEL ‘

Fig. 7.1.
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1 > 1
1-¢

Fig. 7.2.

In this chapter we will try to formulate our ideas in the context of the simplest
possible model, namely, the binary symmetric channel, which we studied earlier, in
Chapter 4. For convenience, we have again sketched the model in Fig. 7.2. However,
readers may find it useful to refresh their memories by re-reading the appropriate
pages in Section 4.3.

Note that the noise in the channel is entirely described by the variable € in that
po(1) = p1(0) = &, which, ideally, we would like to be as small as possible. The source
and receiver alphabets are both the binary alphabet {0, 1}. Furthermore, as was shown
in Section 4.3, the law of R is completely determined by knowledge of € and the law
of S.

A useful concept for modelling the flow of information across channels is the mutual
information between two events F and F'. This is not the same concept as the mutual
information between two random variables which we discussed in the last section;
however as we will see below, they are related. We will define mutual information in
the context discussed above where E is the event (S = a;) and F' is the event (R = by)
and denote it by the symbol I(a;,by) so that, if p; > 0, we define

I(aj, br) = —log(gk) + log(p;(k)) (7.1)

(If p; = 0, we let I(a;,bx) =0.)

As —log(q) is the information content of the event (R = by) and —log(p,(k)) is
the remaining information we would need to specify that (R = by) given that (S = a;)
was transmitted; we can interpret I(a;,bx) as the information about (R = by) which
is contained in (S = a;). In other words, it measures the quantity of information
transmitted across the channel. Notice that if there is no noise in the channel, we have

I(aj,by) = —log(qx) = I(qx)

so that if a; is sent out with the intention of by being received, then this is pre-
cisely what happens. The following theorem collects some useful properties of mutual
information (See Theorem 6.7).

Theorem 7.1 For each 1 < 5 <n, 1 <k <m, we have

(1) I(aj,bg) =log (ij?—'q’;).

(ii) I(a;,br) = —log(p;) + log(qxk(j)), where qi(j) = Pr=s, (S = a;).

(iii) I(aj, bk) = I(bk, aj).

(iv) If the events (S = a;) and (R = b;) are independent, then I(a;,by) = 0. Further-
more, we have that
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n

(v) I(S,R) = .

Jj=1

pjkI(aj, bk)

T

Proof
(i) is deduced from p;(k) = Z;j—f.
(ii) follows from (i) and the fact that each
a(j) = O
(iii) and (iv) both follow immediately from (i).
(iv) follows from (i) and Theorem 6.7(a).
O

Ttem (iii) has an interesting interpretation, namely, that if the channel were inverted so
that .S became the receiver and R the source, then the information about a; contained
in b; would be exactly the same as that about b; contained in a; when the channel
was operating normally. Item (v) expresses the mutual information between the source
and receiver random variables (as defined by (6.9)) as the average over all possible
transmissions of individual symbols.

Example 7.1 Find the mutual informations I(ag, bo), I(ag,b1),I(a1,bo) and I(a1,by)
for a binary symmetric channel and comment on these expressions.

Solution Note that, here, ag,bg = 0 and a1,b; = 1.

Using (7.1) and the formulae for the law of R found in Section 4.3, we obtain

I(ag,bo) = —log(l—¢e—p+2ep)+log(l—e)
1 1—e¢
= (0] _—
& l—e—p+2ep
Similar arguments yield
1—e¢
I(a1,b1) = 1 _
(a1,61) °8 (a+p—2sp>
€
I(ap,b1) = 1 _
(ao,b1) 0g (a—i—p— 25p>
€
I(ay,bp) = 1 T ——
(a’la 0) Og(l—&—p+2€p)
Suppose now that we put € = 0 so there is no noise in the channel; then we find
I(ao,bo) = I(ao) = —log(l — p),[(al,bl) = I(al) = —10g(p) and I(ao,bl) =
I(ay,by) = —o0, as we would expect (i.e. a perfect transmission of information). If
we put € = 1, we obtain similar results except that this time I(ag,b1) = I(ag) and
I(ay1,by) = I(a1). Again there is perfect transmission of information except that
all the information about ag is sent to b; and all the information about a; is sent
to bg. If we put ¢ = %, so the noise produces maximum uncertainty, we find that

I(ag,by) = I(a1,b1) = I(ag,b1) = I(a1,bo) = 0, that is, no information is transmitted.
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Suppose now that S is symmetric Bernoulli (in which case R is also—see Exer-
cise 4.15). We then obtain from the above formulae

I(ao,bo) = I(a1,b1) =1log(2(1 —¢)) =1+log(l —¢)
I(Qo,bl) = I(Ql,bo) = 10g(2€) =1 +10g(€)

In the case where 0 < € < 3, both I(ag,b1) and I(a1,bo) are negative, while I(aq, by)
and I(a1,b1) are less than 1; whereas if 3 < & < 1, then both I(ag, by) and I(a1,b1)
are negative, while I(ag,b1) and I(a1,bo) are less than 1.

Negative mutual information is an indication that the effects of the noise are such
that all information about the emitted symbol has been lost and hence the information
transmitted is more likely to tell us about the characteristics of the noise rather than
those of the signal.

We note that while mutual information between events may, as seen above, some-
times be negative, the mutual information I (S, R) between source and receiver random
variables can never be negative (see Exercises 6.10).

7.2 The channel capacity

In the preceding section, we have investigated the information transmission properties
of channels from the point of view of their ability to transmit information between
individual events. For the broader picture in which we consider the transmission prop-
erties of the channel as a whole, the key concept is the mutual information I(S, R).

Suppose we fix the channel by choosing all the conditional properties {p;(k), 1 <
j<mn, 1<k<m}. Wewould like to ensure that the channel transmits the maximum
possible amount of information about our message. The only variables we have left to
alter are then the source probabilities {p1,p2,...,pn}-

We define the channel capacity C by

C =maxI(S,R)

where the maximum is taken over all possible probability laws of the random variable
S. In practice, the best course is often to use (6.9) and apply

C = max(H(R) — Hs(R))
Example 7.2 Find the channel capacity of a binary symmetric channel.

Solution Here we just have to find the maximum with respect to the variable x which
describes the Bernoulli distribution of R where x = ¢ 4+ p — 2ep (see Section 4.3).

We have
H(R) = Hy(z) = —zlog(z) — (1 — x) log(1 — x)
A standard calculation of the joint probabilities yields

poo = (1—=p)(1—¢), por=(1—-ple
po = p(l—¢), p11=pe



7.3 Codes 119

Fig. 7.3.

Hence, by (6.8),

Hs(R)= — (1-p)(1—¢)log(l —e)— (1 —p)elog(e)
— p(1—¢)log(l —¢) — pelog(e)

= — (l—¢)log(l—c¢)—celog(e) = Hyp(e)

Since Hg(R) is clearly independent of p, we have

C max(Hy(z)) — Hy(g)

= 1— Hyp(e) by Theorem 6.2(b)

In Exercise 7.2, you can show that C' is in fact attained when p = %

We note that C' is a function of € and sketch the relationship in Fig. 7.3.

Clearly, if we want to transmit information as near as possible to the channel capac-
ity C, we need to adjust the input probabilities accordingly. At first sight this does
not seem possible. If we want to send a message, then the probabilities of the symbols
that constitute that message are fixed; however, there is one way out—we can change
the language in which the message is sent to one with ‘better’ probabilistic properties.
This takes us to the subject of coding, which will occupy us in the next section.

7.3 Codes

The mathematical theory of codes has been heavily developed during recent years and
has benefited from the application of sophisticated techniques from modern abstract
algebra. Our goal here will be a limited one—simply to learn enough about codes to
be able to advance our knowledge of information transmission. First some definitions.
A code alphabet C'is simply a set {c1,ca,...,c .}, the elements of which are called
code symbols. A codeword is just a certain succession of code letters ¢;, ¢;, ... c;,. The
number n occurring here is the length of the codeword. A code is the set of all possible
codewords, and a code message is then a succession of one or more codewords. The
process of coding a language is to map every symbol in the alphabet of that language
into an appropriate codeword. A common example of a code for the English language
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is—Morse code, which consists of just two symbols. (dot) and—(dash). Much of our
work in this chapter will involve the following.

Example 7.3 [binary code| This is the simplest code of all but one that is of great
importance (especially for the operation of computers). We have

Cc={0,1}.
Examples of codewords are
x = 011010, y = 1010, z =01

x has length 6, y has length 4 and z has length 2. If we demand (say) that our code
consists of all codewords of length 6 or less, then we should check that there are 126
possible codewords. A possible message is then

01 10001 101010 O1

In practice, of course, there are no gaps in the message to tell you where one codeword
ends and another begins and this can be a source of difficulty in decoding, as we will
see below.

An important code for all living creatures is the following.

Example 7.4 [the genetic code] Inside the nucleus of each living cell can be found the
giant molecule of DNA (deoxyribonucleic acid), which has the characteristic double
helix shape. Simple organisms such as a bacteria have a single DNA helix in their
nucleus. Higher organisms have many bundles of helices called chromosomes, for exam-
ple onions have 16, human beings 42 and cattle 60 of these. Along each DNA strand
are embedded certain molecular bases adenine (A), thymine (T), cytosine (C) and
guanine (G). The bases occur in pairs on opposite strands of the helix and there are
approximately 10% such pairs in the DNA of a bacteria and 10° in that of a mammal.
These bases form the alphabet {A, T, C, G} for the genetic code. DNA directs protein
synthesis in the cell by the following procedure. All proteins are built from 20 possible
amino acids. By a complicated biochemical procedure DNA ‘tells’ the cell which amino
acids to produce by sending out a message. The allowable codewords are all of length
three. Clearly, there are 43 = 64 possibilities available to make the 20 amino acids
(and the one ‘stop’ command to cease manufacturing). Consequently, several different
codewords may instruct for the manufacture of the same amino acid and the code
has a high degree of ‘redundancy’, for example the codewords CAT and CAC both
instruct for the production of the amino acid histidine.

We aim to understand the implications for information transmission of coding our
source messages before they are transmitted across the channel, thus we now have the
more elaborate model of a communication channel shown in Fig. 7.4.

When translating a source alphabet of size n using a code alphabet of size r, it is
usual to take r < n (e.g. n = 26 for English and r = 2 for Morse code). We will
use examples based on the binary code with alphabet {0, 1} extensively as this is the
natural code for storing information in computer systems. We now consider a number
of desirable properties which we will require of our codes. Clearly:
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SOURCE RECEIVER

CHANNEL

ENCODER

DECODER

Fig. 7.4.

(i) Each symbol of the source alphabet should be mapped to a unique codeword.
(ii) The code should be uniquely decodeable, that is, any finite sequence of codewords
should correspond to one and only one message.

Example 7.5 We code the source alphabet {a1, as,as, as,as} into binary as follows:
a1—>0, a2—>1, a3—>10, a4—>01, a5=OO

Is the code uniquely decodeable?

Solution It is not, for, consider the message
0001100110

This message has a number of different translations, for example ajasasazaiazas and
a1aia4a2a5a2a3 are two possibilities; you should be able to find many others.

Uniquely decodeable codes are obviously highly desirable; however, an even better
class of codes are those that have the property that a message sent in the code can
be instantaneously read as each codeword appears without having to wait for the
whole message to arrive. The concept we need to express this formally is that of a
prefix: let ¢;, ¢, ... ¢;, be a codeword and suppose that for some k < n, ¢; ¢, ... ¢,
is also a codeword; then c;, ci, ...c;, is called a prefir, for example 010 is a prefix of
01011. A code for which no codeword is a prefix for any other is called prefiz-free (or
instantaneous).

Example 7.6 Consider the five-symbol alphabet of Example 7.5. Which (if any) of the
following possible codes is prefix-free?

(i) a1 =00, a2 =01, ag = 110, a4 = 010, a5 = 01011,

(ii) a1 =0, a2 = 10, a3 = 110, a4 = 1110, a5 = 11110.

Solution Clearly, (i) is not prefix-free as 01 is a prefix of 010, which is itself a prefix of
01011 (you should, however, convince yourself that the code is uniquely decodeable).
Ttem (ii) is clearly prefix-free.

Lemma 7.2 Any prefix-free code is uniquely decodeable.
Proof Let dids...d, be a code message comprising the codewords di,ds, ..., d, and

suppose that it is not uniquely decodeable. Suppose, further, that the ambiguity in
decoding arises purely via the combination dy_1didy+1, where 2 < k < n—1, and that
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without loss of generality (check this!) both dx_1 and di4+1 are code symbols. We write
di = Cgy Cky - - - Ck,, , then if di_1dpdiy41 is ambiguous it must be that either di_; didr+1
is itself a codeword or di_1ck, Ck, - - .Cg; is a codeword for some 1 < j < m. In either
case, di_1 is a prefix, which contradicts our assumption that the code is prefix-free.

O

Prefix-free codes do not just possess the desirable property of being uniquely decode-
able; they are also instantaneously decodeable. To appreciate the implications of this
consider the message 01011001 sent in the code of Example 7.6(i), which is not prefix-
free. Suppose this message is being transmitted to us symbol by symbol and we try
to decode each codeword as it arrives. The first symbol which arrives is a 0, which is
not a codeword; the second symbol is a 1 so at this stage we have received 01. Now
this might be the codeword a9 or it could be prefix of a4 or as. In fact, we have to
wait until we have received the whole message (which decodes as aqazaz) before we
can decode the first codeword unambiguously.

Prefix-free codes can always, however, be decoded instantaneously; for instance the
message 011010 in the code of Example 7.6(ii) can be decoded as ajazas as soon as
each codeword arrives.

Having convinced ourselves of the desirability of prefix-free codes the next question
we need to consider is whether or not it is always possible to construct these. To
formalise this, suppose we have a source alphabet of n symbols, a code alphabet of r
symbols, and we want to find a prefix code such that each source symbol a; is mapped
to a codeword of length I; (1 <4 <n). The following result gives us a straightforward
test for the existence of such a code.

Theorem 7.3 (the Kraft-McMillan inequality) Given a code alphabet of r symbols,
a prefix-free code with codewords of length [; (1 < ¢ < n) exists for a source alphabet
of n symbols if and only if

d o< (7.2)
i=1

Proof First suppose that (7.2) holds. We will show that it is possible to construct a
prefix-free code.

Let L = max{l;; 1 < i < n} and let n; be the number of codewords of length
i (1 <i< L);then (7.2) can be written as

L
Z n;r <1
i=1

Now multiply both sides of this inequality by r* to obtain

L
E ni’l”L_Z < TL
=1

Writing the sum out explicitly and rearranging, we obtain

L—1 L2 _

nr <rl —nirtt —ny Sl (7 R U
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Since ny, > 0, the right-hand side of this inequality is non-negative. Hence, we obtain
the new inequality

nr_1r < rr— nﬂ"Lil — ny‘LiQ — = nL,QTQ
that is,

L—-2 L-3

np_1 < vt —ngr —Nor” T — - —np_or

Since nr—1 > 0, the right-hand side of this inequality is non-negative and so we can
apply the same argument again. Continuing inductively we find that, for 0 < k < L—1,

k L—k—-1 L—k—2 (*)

Nnr—_k grL_ —nir-" — nor” T — e — N[ _ k1T

In particular, ny <.

Now we construct the code. We begin with the words of length 1. There are n
of these and r code symbols available. Since n; < r, we have complete freedom in
choosing these.

Now we construct the words of length 2. To ensure the code is prefix-free, we choose
the first symbol from one of the (r — ny) letters remaining after the first symbol is
chosen. The second symbol can then be chosen in any of r ways. By Theorem 1.1,
there are then (r — ny)r possible words of length 2 available. We need to choose ng of
these; however, by (*), we have ny < 72 — nir so that we are free to choose these.

We now construct the words of length 3. To ensure the prefix condition, we again
find by Theorem 1.1 that there are (r? — nir — na)r available possibilities. By (*), we
have that ns < 3 — nir2 — nor so that we are free to choose these. We now continue
the argument inductively to construct our prefix-free code.

Now consider the converse, namely, we must prove that if a prefix-free code can
be constructed then (7.2) must hold. We can do this by reversing the steps in the
preceding argument; the details are left to Exercise 7.8. ]

Example 7.7 Determine whether or not a prefix-free code using a binary alphabet
exists for a five-letter source alphabet with codewords of length 1, 2, 3, 4 and 5.

Solution We have r = 2 and so

31
27 427742 2ty 2 = <
32
Hence by (7.2) a prefix-free code exists. It is fairly easy to construct one, for example

0, 10, 110, 1110, 11110.

7.4 Noiseless coding

Given a source alphabet of size n and a code alphabet of size r there are many pos-
sible choices of codes with different codeword sizes which satisfy the Kraft—McMillan
inequality and hence yield a prefix-free code. Which of these is the best? To make this
question more precise, consider the set of all possible prefix-free codes for our source
alphabet S. To each code we can associate the set of lengths {l1,ls,...,1,} of the
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codewords and we regard this set as the range of a random variable L whose law is
that of S, that is, {Py, Pa, ..., P,}. We define the expectation of L in the usual way:

E(L) = pjl;
j=1

We say that a prefix-free code is optimal if it minimises E(L), so we are saying that
the best prefix-free codes are those which have the smallest average codelength. The
following theorem (which is due to Shannon) yields the, perhaps surprising, result that

the minimum value of E(L) can be described in terms of the source entropy H(S),

where (recall Chapter 6)

H(S) ==Y p;log(p))
j=1

Theorem 7.4 (the noiseless coding theorem)

(a) For any prefix-free code we have

H(S)

log(r)

with equality if and only if p; = =4 (1 < j < n).

(b) There exists a prefix-free code which satisfies
H(S) < H(S)
log(r) — log(r)

E(L) >

+ 1.

E(L) <

Proof (a) We define another probability measure {q1, g2, . - .

bet by
rl
v Yl

then by the Gibbs inequality (Exercise 6.9) we obtain

- pjlog(g))
j=1

= pilog(r) +> p;log (
j=1 j=1

H(S)

IN

(7.3)

,qn } on the source alpha-

)

=1

Now by (7.2) and the fact that log is an increasing function we have

log (Z r_li> <log(l)=0
i=1

Hence,

H(S) < ijlj log(r) = E(L)log(r)

as required.

By the equality conditions in the Gibbs inequality and the Kraft—-McMillan inequal-

ity we find that we have equality if and only if p; = !

i, as required.
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(b) For the right-hand inequality, choose the lengths of the codewords to be such
that each /(1 < j < n) is the unique whole number such that

r b < p; < plitt
It can be easily shown that the Kraft-McMillan inequality is satisfied, so that this
yields a prefix-free code (see Exercise 7.10). Taking logs we obtain

—ljlog(r) < log(p;) < (=; + 1)log(r)

We now multiply both sides of the right-hand part of the above inequality by p; and
sum over j to obtain

H(S) = = pjlog(p;) >y p;(l; —1)log(r)
=1 =1
= (E(L) —1)log(r)
from which the result follows. O

We see from Theorem 7.4(a) that if the source probabilities are of the form
py=r (1< j<n)

where each ¢ is a natural number, then an optimal code will be one with codeword
lengths [; = a;(1 < j < n).

Example 7.8 Construct a binary optimal code for a source alphabet with probabilities
I

Solution Since each of the probabilities is of the form 27", where n = 1,2,3,4 and
4, an optimal code is one with codewords of length 1, 2, 3, 4 and 4. Specifically, we
can take

0, 10, 110, 1110,1111

Note that optimal codes are not unique in that we can interchange the role of 0 and
1 in Example 7.8 and still have an optimal code.

If the source probabilities are not of optimal form, it seems that the next best thing
we can do is to construct a prefix-free code with lengths 1,15, ...,[, which satisfies
(7.3). To do this we see from the proof of Theorem 7.4(b) that we must choose the ;s
to be the unique natural numbers for which

r b < p; < plitt
that is,
1, Tog(r) < log(p;) < (~1; + 1) log(r)
that is,
) g1 P o g () <1y < -0 ) (1)

The coding procedure given by (7.4) is called Shannon—Fano coding.
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Example 7.9 Find a Shannon—Fano code for a source alphabet with probabilities 0.14,
0.24, 0.33, 0.06, 0.11, and 0.12.

Solution We have by (7.4), that l/; is the unique integer for which

—log(0.14) < l; <1 —1log(0.14)

Hence,

283<101<383s0l; =3
Similar calculations yield
lo=3,13=2,14=5,l=4,lsg =4
Hence an appropriate prefix-free code is
011, 110, 00, 01011, 1111 and 0100
It is interesting to calculate the deviation of this code from the optimal. This is given by
E(L) — H(S) =3.02—2.38 =0.64

In general, we would obviously like to make E(L) as close as possible to the optimum
H(S)

log(r) *
technique of block coding. This effectively means that instead of coding the source
alphabet S, we code the mth extension S™) of that source, where S("™) comprises all

the source letters taken m at a time. For example:

value of

A strong theoretical result in this direction is obtained by using the

if S = {A, B, C}
S = [AA, AB, BA, BB, AC, CA, BC, CB, CC}
SG) = {AAA, AAB, ABA, BAA, ABB, BAB, BBA, BBB, AAC,
ACA, CAA, ACC, CAC, CCA, CCC, BCC, CBC, CCB,
CBB, BCB, BBC, ABC, ACB, BAC, BCA, CAB, CBA}

S will contain 81 elements
If we use binary coding, a prefix-free code for S is

AA — 0, AB — 10, BA — 110, BB — 1110, AC — 11110,
CA — 111110, BC — 1111110, CB — 11111110, CC — 11111111

Let S; be the random variable whose value is the jth symbol in the block (1 < j <
n), so each S; has range {a1,as,...an}. We treat Si1,5s,...,S5, to be i.i.d random
variables so that the source probability of the block ¢;, ¢, ... ¢i, iS Di,Diy - - - D, -

Let L™ be the random variable whose values are the lengths of codewords which
code S™). As we are coding symbols in groups of m, the quantity E(LT())
the average length of codeword per source symbol. We have the following result.

measures
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Corollary 7.5 Given any € > 0, there exists a prefix-free code such that

H(S) _E(LM™) H(S)
log(r) = m < log(r)

Proof Given any € > 0 (no matter how small), it is a well-known fact about the real
numbers that there exists some m € N such that ﬁ <e.

Having chosen such an m, we use it for block coding as above and apply Theo-
rem 7.3(b) to obtain a prefix-free code such that

H(S™)

H(S™)
log(r)

1
log(r) "

<E(L™) <
but, by Exercise 7.14, we have H(S™)) = mH(S), from which the result follows. [

Corollary 7.5 tells us that by coding in large enough blocks we can make the average
length of codeword per source symbol as close to the optimal value as we like but, in
practice, block coding soon becomes very complicated as the blocks increase in size.
Fortunately, there is an alternative to block coding for obtaining optimal codes, called
Huffman coding. This provides an algorithm (or recipe) for constructing optimal codes
which are called Huffman codes. So, given a source alphabet S with probability law
{p1,p2,...,pn} and a code alphabet of length r, the corresponding Huffman code has
average length closer to the optimal value of % than does any other prefix code
(including those obtained via block coding with m as large as you like!). So that,
in particular, Huffman codes are better than Shannon—Fano codes. For binary codes
(which is all that we will consider here), Huffman’s procedure is easy to carry out but
difficult to describe adequately in words.

Huffman’s algorithm

Write the probabilities in decreasing order—suppose, for convenience, that p, <
Pn—1 < ... < p2 < p1. Merge the symbol S,, and S,,_; into a new symbol with prob-
ability p,, + pn—1 so that we have a new source alphabet with n — 1 symbols. Now
repeat the above procedure inductively until we finish with a source alphabet of just
two symbols. Code these with a 0 and a 1. Now work backwards, repeating this coding
procedure at each step.

Don’t worry if you are completely confused. It is best to carry out Huffman coding
with the aid of a ‘tree diagram’. The following example should help.

Example 7.10 Find a Huffman code for the source alphabet of Example 7.8.

Solution The diagram, which should be self-explanatory, is shown in Fig. 7.5. Notice
that we apply the procedure described above from left to right to reduce the code
alphabet by one symbol at a time. After assigning our Os and 1s, we then read the
code backwards from right to left.

‘We obtain the code

a1 — 0, as — 10, a3 — 110, as — 1110, a5 — 1111
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Fig. 7.5.

Fig. 7.6.

Note that this is precisely the code found in Example 7.8 which we know to be optimal
because of the form of the input probabilities. We will not give a proof here that
Huffman codes are optimal. Those who want to see one are referred to page 23 of Goldie
and Pinch (see references at the end of the chapter). To see the practical advantage
of Huffman coding over Shannon-Fano coding, consider the following example.

Example 7.11 Find a Huffman code for the source alphabet of Example 7.9.

Solution The tree diagram is sketched in Fig. 7.6. So we obtain the code
ay — 01, ag — 11, as — 001, a4 — 000, a5 — 101, ag — 100

In this case we find
E(L) — H(S) =2.43 —2.38 =0.05

so the code is clearly far superior to the Shannon—Fano one found above.

We close this section by making a comment on the expression II;;((ST )), which has

II;;((ST )) and call it the

played such an important role in this section. We define H,-(S) =
r-nary entropy so that Hy(S) = H(S). Note that

H.(S) == 1;2%) = - Z;pj log, (p;)
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so H,.(9) is a natural measure of entropy in contexts where every question has r pos-
sible alternative answers. We can then, via Theorem 7.4(a), interpret H,(S) as being
the minimum average wordlength (in r-nary code) required to convey the information
content of the source. This gives us yet another insight into the meaning of entropy.

7.5 * Coding and transmission with noise—Shannon’s theorem

In this section we consider the most important question in communication theory,
namely, by choosing an appropriate code for the source can we offset the effects of
the noise and so reduce the probability of making an error to as near zero as possible
while transmitting the information at a rate arbitrarily close to the channel capacity?
Surprisingly, this can be done, at least from a theoretical point of view, and below we
will prove Shannon’s theorem which makes this result precise. We note that, from a
practical viewpoint, however, the implications of this theorem are less clear; indeed,
nearly 50 years after the theorem was first presented, the required codes have still
not been constructed. The reasons for this will become clearer after we have given
the proof.

As the full proof of Shannon’s theorem is very difficult, we are only going to present
this in a special case—that of the binary symmetric channel. Even here, the level of
mathematical sophistication is high and readers are invited to skip the rest of this
section at a first reading.

We begin by introducing some new concepts which we will need to formulate Shan-
non’s theorem.

7.5.1 Decision rules

Suppose that C = {z1,xa,...,2n} is the set of all possible codewords which can be
transmitted across a channel, and y is the codeword received. How do we decide which
of the x;s was in fact sent? We need a decision rule, that is, a procedure whereby
we can systematically assign a unique transmitted codeword to any one received.
The decision rule we’ll adopt here is the mazimum likelihood rule. Consider the N
conditional probabilities

P, (z; sent) (1<j<N)

where we condition on the event that y is received. We adopt the procedure that we
believe that z; was sent out if

P, (z sent) > P,(x; sent) for all i # k
It is shown in Exercise 7.17, that this is equivalent to the condition

P, sent(y) > P, sent (¥) for all 7 # k

If two or more codewords have equal maximum likelihoods we decide by choosing one
at random (i.e. in accordance with a uniform distribution—see Example 7.12 below).

Note that just because we decide that x;, was sent out doesn’t mean that it actually
was. This situation is similar to that in statistics where accepting a hypothesis does
not necessarily mean that the state of affairs which it describes is true.
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The maximum likelihood procedure is not the only possible decision rule that can
be used for decoding, as we will see below.

7.5.2 Hamming distance

Consider two binary codewords a and b of equal length. The Hamming distance d(a,
b) between them is simply the number of symbols in @ which are different from b (or
vice versa). For example, if

a = 00101011, b= 10111010
then
d(a,b) =3

An obvious decision rule to use when transmitting binary codewords is that of
minimum Hamming distance, that is, the transmitted codeword is that which has
minimum Hamming distance from the received codeword. We have the following result.

Lemma 7.6 For a binary symmetric channel where 0 < ¢ < %, the minimum Hamming
distance decision rule is the same as the maximum likelihood one.

Proof Let us suppose that a certain codeword y of length m is received. The probability
that a given codeword x was sent out such that d(z,y) =p < m is

Pz scnt(y) = Ep(l - E)mip
P
= (1-9" ()
AsO0<e< 3, 1= < 1, hence P,(x sent) is a maximum when p is a minimum. O

7.5.3 Average error probability

Let E be the event that an error occurs, that is, that our decision rule leads us to make
an incorrect assumption about which symbol was sent out. We denote by P, (E), the
conditional probability that an error was made given that z; was sent out (1 < j < N).
The average error probability P(E) is then given by

N
P(E) =Y P,,(E)P(x; sent out)

For simplicity we will in the sequel always take a uniform distribution on the set C of
codewords sent out so that

1 N
P(E) = 5 > Pry(E) (7.5)

Clearly, the value of P(E) depends upon our judgement that an error has been made,
which itself depends on the particular decision rule that has been adopted.
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Example 7.12 Calculate the average error probability when {00, 11} are sent over a
binary symmetric channel using a maximum likelihood decision rule.

Solution First suppose that 00 is sent out and we receive 01. As the received codeword
has equal Hamming distance from both 00 and 11, we toss a coin to decide which
symbol was emitted. Hence the error probability in this case is £e(1 —¢). A similar
argument applies to receiving 10. If 11 is received, we decode it as 11, thus obtaining

a contribution €2 to Py (E). Hence, we have
Pyo(E)=¢(l—¢)+e?=¢
An analogous argument shows that we also have P11(E) = ¢, so by 7.5, we obtain

P(E)=¢

7.5.4 Transmission rate

For simplicity we will assume throughout that our source emits symbols into the
channel at a rate of one per second.

The transmission rate R is defined to be the average number of bits of information
which are transmitted across the channel per second (the observant reader will note
that R is nothing other than the mutual information between source and receiver).
Clearly, we must have 0 < R < C, where C is the channel capacity. Suppose that
we transmit information for ¢ seconds, then we transmit, on average, ¢R bits of infor-
mation. If we are using a binary code, then the average total number of symbols
transmitted in ¢ seconds is [2/7f], where for any real number z, [z] is the largest integer

<z (eg [r]=3, [=2 [v2]=1).

Example 7.13 A binary symmetric channel has an error probability of 0.4. If the
channel operates at capacity, what is the maximum average number of binary symbols
which can be transmitted in one minute?

Solution By Example 7.2, we have
C=1- Hy(0.4) =0.029

Hence number of symbols is [20-029%60] = 3.

We now have sufficient conceptual apparatus to express Shannon’s theorem math-
ematically. Essentially, it tells us that we can transmit at a rate R arbitrarily close to
C while keeping P(F) arbitrarily small. Before diving into the nuts and bolts of the
theorem we need a technical lemma.

Lemma 7.7 Let 0 < e < % and m € N, then

[me]
3 (’Z) < gmHy(9) (7.6)

k=0
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Proof Using the binomial theorem we have that

1 = [e+(1—-9)™
= kz:_o<k)5k(1—a)m_lC

Y
B
o,
PR
= 3
~—
o
Ead
_
|
N
3
*

k=0
_ <1_s>m§(’,j) (i)

Now, since 0 < e < %, (ﬁ) < 1, hence

k em
€ €
> <k<
(1—5) _<1_€> for all 0 < k < [em)]

oo () E

k=0

So, we have that

SO

— gmHy(e) by Exercise 6.7

O

We are now ready to prove Shannon’s theorem. To simplify matters we will split
the proof into two stages. First we examine the context.

We have a binary symmetric channel with error probability e. We will impose the
condition € < % This in fact involves no loss of generality as the key quantity which
we deal with in the theorem is Hy,(g), which is the same as Hy(1 — ), so for the case
where € > %, we can just replace it by 1 —e < %

We will assume that our source S is a Bernoulli source, that is, the random variables
whose values are the symbols sent out are i.i.d.

Suppose we aim to send a codeword z over the channel which comprises d binary
digits so there are 2¢ possible choices of codeword available. Suppose also that for our
code we only want to use M of these possibilities. Shannon had the ingenious idea
of selecting these by random coding, that is, impose a uniform distribution on the
set of all possible codewords so that each is chosen with probability 2-¢. Hence, the
probability of selecting a given M codewords to be the code is 27*M

Now suppose that a certain codeword y is received. Let X; be the random variable
that the jth symbol in y is an error, so X; is a Bernoulli random variable with
parameter (1 < j < d). The random variable whose values are the total number of
errors in y is

S(d) = X1+ Xo 4+ X4
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vd
Fig. 7.7.

By Section 5.7, S(d) is a binomial random variable with parameters d and e and, in
particular, by (5.11) we have

E(S(d)) = ed

We now need to adopt a decision rule for decoding. The idea is to think of z—the
codeword sent and y—the codeword received as vectors in a d-dimensional space, and
consider within that space ¥(ed)—the sphere of radius ed centred on y (if you don’t
know about higher-dimensional geometry, just think of the case d = 3).

Now expand the sphere by a small amount vd, where v is an arbitrarily small
number, so we work in the sphere 3(r) of radius r = d(e + v)—the reason for this will
be explained below (see Fig. 7.7).

We adopt the following decision rule. If there is just one codeword (z, say) inside
this sphere, then we decode y as z and say that z was transmitted. If there are no
codewords or more than two codewords inside the sphere we say that an error has
been made.

The idea behind this decision rule is as follows. We have seen that the average
Hamming distance between x and y is ed. Hence, on average, x should be somewhere
within ¥(ed). Since the average smooths out possible outcomes in which z is outside
the sphere, we expand the sphere by the amount vd in the hope of also capturing x
in these cases.

Let A be the event that there are no codewords inside the sphere of radius 7, and
let B be the event that there are two or more. For the average error probability P(E),
we have

P(A) + P(B) — P(AN B) by (P7)
< P(A) + P(B) (7.7)

Proposition 7.8 Let d; > 0 be a fixed number (which we want to be as small as
possible); then if d is chosen to be sufficiently large,

P(A) <0

The proof of Proposition 7.8 depends on Chebyshev’s inequality, which will be estab-
lished in the next chapter. Consequently we will postpone the proof until the end of
Section 8.4.
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The intuition behind the proof of Proposition 7.8 is straightforward. We have M
codewords lying about somewhere in d-dimensional space (again, think of the case
d = 3 if it helps). If there are no codewords inside our sphere, increase d so that the
sphere expands. As d gets bigger, more and more of the space lies inside the sphere
and it becomes less and less likely that it is empty of codewords.

Recall from Example 7.3 that the capacity C of our channel is given by C' =1 —
Hb({:‘).

Proposition 7.9 Let p and d2 be fixed non-negative numbers (which we want to be

as small as possible) and suppose that M = 24(C=p). then for sufficiently large d,
P(B) < 6,

Proof Suppose that the event B is realised and there are two or more codewords in

Y(r), where r = d(e + v). Let x; € C be the codeword which has minimum Hamming
distance from y(1 <i < M). We have

=P ((w e o) U (Ut € 2().j #1))

P(Ux]ez HA) by (P6)
M
< > Pz ex(r)
J=1,j#i
=(M —1)P(z; € £(r)) forsome 1 <j <M (1)

as the codewords are chosen randomly.
Now z; € X(r) if z; has up to [r] errors so, for each 1 < k < M, as the probability
of k errors is 2% (Z), we have

Ple, € 30) Qdi()

< %Qdﬂb@w) _ 9—d(1—Hy(=+v)) (i) by (7.6)
So, on combining (i) and (ii), we obtain

P(B) (M — 1)2~ 40— Hp(e+v)
M27d(17Hb(5+l/))

IN A

Now we have
M = 24C=p) _ 9d(1=Hy(c)—p)

Hence
p(B) < 9d(Hy (s4v)—Hy(e)—p)

Now recall the graph of Hj, which we sketched in Section 6.2 and note that for
e < 5 this is an increasing (and continuous) function; hence we can, by choosing v

sufficiently small, ensure that Hy, (e + v) — Hy(¢) < p so that b > 0, where
b=p— (Hy(e+v)— Hp(e))
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Now if we take d to be sufficiently large, no matter how small d5 is, we can make
2- < §, and we have

P(B) < §3, as required

O

Theorem 7.10 (Shannon’s fundamental theorem) Given 4, p > 0 (which we can take
as small as we like), we can find a code such that if the transmission rate over a binary
symmetric channel R = C' — p, then

P(E)<$§

Proof Just take d to be large enough for the hypotheses of both Propositions 7.8
and 7.9 to be realised and put § = 01 + d2; then by (7.7),

P(E)§51+52:5

Notes:

(i) Although we have only stated and proved Shannon’s theorem for a binary sym-
metric channel it does in fact hold for any channel. The proof is essentially along
the same lines as above but is somewhat harder.

(ii) It is possible to improve Shannon’s theorem by showing that, instead of the average
error probability, we can make the maximum error probability as small as we like
where this latter probability is defined to be

. g}zg](w P, (E).

(iii) Shannon’s theorem has a converse, which we will not prove here, which states that
it is not possible to make the error probability arbitrarily small if we transmit at
a rate above the channel capacity.

The following quotation by D. Slepian, which first appeared in 1959, still gives an
appropriate description of the status of Shannon’s theorem, it can be found on p.166
of Reza’s book (see references):

From the practical point of view, the fundamental theorem contains the golden fruit of the
theory. It promises us communication in the presence of noise of a sort that was never dreamed
possible before: perfect transmission at a reasonable rate despite random perturbations com-
pletely outside our control. It is somewhat disheartening to realise that today, ten years after
the first statement of this theorem, its content remains only a promise—that we still do not
know in detail how to achieve these results for even the most simple non-trivial channel.

In essence, Shannon’s result is of a type known in mathematics as an ‘existence
theorem’. It tells us that somewhere (‘over the rainbow’?) there is a wonderful code
with miraculous properties. The downside is that the proof gives us no indication as
to how this code might be constructed in practice.
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7.6 Brief remarks about the history of information theory

Information theory is a very young subject—in fact a child of the twentieth century.
The idea of using logarithms to measure information content dates back to the work
of Hartley in 1928. However, the most important works establishing the subject were
the seminal papers of Claude Shannon beginning with his ‘A mathematical theory
of communication’ published in 1948. Most of the ideas treated in this chapter and
many of those in the preceding one—the use of entropy, channel capacity, the noiseless
coding theorem and of course the fundamental theorem—all have their origins in this
paper. Indeed, much of the subsequent development of the theory has been devoted
to the reformulation and refinement of Shannon’s original ideas. The reader might be
interested to note that, at the time he did his original work, Shannon was a communi-
cations engineer working for the Bell Telephone Laboratories and not a mathematics
professor in a university!

After Shannon’s paper was published, a great deal of work was carried out on
sharpening the proof of his fundamental theorem—in particular by Fano, Feinstein,
Shannon himself and Wolfowitz. It is always difficult to try to sum up more recent
developments but of these perhaps the most exciting are the application of information
theory to statistical inference and recent developments in coding and cryptography
(see the books by Blahut and Welsh, referenced below, respectively).

FExercises

7.1. Recall the binary erasure channel of Exercise 4.16. Obtain expressions for all the
mutual informations 1(0,0),1(0, F) and I(1,1). Find also the mutual information
I(R, S) between source and receiver and hence deduce the channel capacity C.

7.2. Using the results of Chapter 4, confirm that the receiver’s entropy H(R) for a
binary symmetric channel is Hy,(x), where z = ¢ + p — 2ep. Show that x = % if
and only if p = %, provided that ¢ # % Why does this latter restriction have no
bearing on the calculation of channel capacity in Section 7.27 (see Exercise 4.15).

7.3. Consider again the binary errors and erasure channel of Exercise 4.17. Obtain
(a) H(R),

(b) Hs(R),
(c) I(S,R).

7.4. Use differentiation to find the maximum value of

fly)=—yhn(y) = (1 —y—p)In(1l -y —p)

where p is constant. Hence, find the channel capacity of the binary errors and
erasures channel and show that it is attained when p = %

7.5. The channel of Exercise 4.22 is an example of a ‘cascade’. Calculate I(A, B) and
I(A, C) and confirm that I(A, B) —I(A4, C) > 0.

7.6. In general, suppose a source with alphabet A = {a1,as, ..., a,} emits symbols into
a channel to a receiver with alphabet B = {b1,bs,...,b;,} which then itself acts
as a source for transmitting symbols across a second channel to a receiver with
alphabet C'= {c;,ca,..., ¢ }. This set-up is called a cascade if
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forall1<i<n, 1<j<m, 1<k<r.
(i) Show that each

ijﬂck (a/l) = Pb] (ai)'
(ii) Use the result of (i) and Gibb’s inequality to deduce that
Hc(A) < Hp(A).

(iii) Hence, deduce that
I(A,B) > I(A,C).

The result of (iii) is sometimes called the data processing theorem—repeated
processing of information cannot increase the amount transmitted.

(for those interested in biology) The genetic code for the DNA of the bacterium
Micrococcus Lysodeiktus has source probabilities

P(C) = P(G) =0.355, P(A) = P(T) =0.145
while for E. Coli
P(A)=P(G)=P(C)=P(T)=10.25

Which organism would you expect to manifest greater complexity?

Complete the proof of Theorem 7.3, that is, show that if a prefix-free code exists
using a code alphabet of r symbols with codeword lengths I1,ls,...,l, for an
alphabet of n symbols, then the Kraft—McMillan inequality is satisfied.

The trinary code consists of the symbols {0,1,2}. It is required to construct a
trinary code with words of length 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4. Show that it is
possible to construct a prefix-free code and find such a code.

Show that Shannon—Fano coding yields a prefix-free code.

A source alphabet of seven symbols has probabilities %, %, %, %, 2%, 2%, 2—17 Find
an optimal code using a trinary alphabet.

A source with probabilities 0.27, 0.31, 0.14, 0.18 and 0.10 is to be coded into

binary; find

(a) a prefix-free code using Shannon-Fano coding,
(b) an optimal code using Huffman coding.

H.(S)
E(L)

The efficiency of a code, 7, is defined by n =
codes in (11) and (12) above.
Show that if we take the mth extension S(™ of a source, then

. Find the efficiency of all three

H(S™) = mH(S).

(a) For a source with probabilities 0.02, 0.09, 0.15, 0.21, 0.26 and 0.27, show that
it is possible to carry out the Huffman procedure in two different ways. Write
down the code in each case. Is either of the codes more optimal than the other?

(b) The redundancy & of a code is defined by & = 1 — 7, where 7 is the efficiency
(see Exercise 7.13 above). Calculate the redundancy of the optimal code in
(a) above.
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7.16. One way of detecting transmission errors is to use a parity check. A simple example
of this is to add an extra digit on the end of each codeword to ensure that the
total number of 1s is even, for example 001 — 0011, 000 — 0000. Construct such
an error-detecting code for the optimal code found in Exercise 7.15 and calculate
its redundancy.

7.17. Let & be the redundancy of a code with average length E(L;) and let & be the
redundancy of this code when it is extended to include a parity check as in Exercise
7.16 so that its average length changes to E(Ly). Show that

H,(5)

@ =0t B R

and hence deduce that & > &;.
7.18. Convince yourself that the Hamming distance satisfies the triangle inequality, that
is, if z, y and z are three binary codewords of length n, then

d(z, z) < d(z,y) + d(y, 2).

Further reading

Most of the material in this chapter is standard and can be found in most, if not
all, books on information theory. Those that I found most helpful were N. Abramson
Information Theory and Coding (McGraw Hill, 1963), R. Ash Information Theory
(Dover, 1965), R. Hamming Coding and Information Theory (Prentice-Hall, 1980) and
F. Reza An Introduction to Information Theory (McGraw-Hill, 1961). The books by
Shannon and Weaver and Rényi mentioned at the end of the last chapter remain
relevant to this one, as does Khintchin, although it is much harder.

Among more recent texts, D. Welsh, Codes and Cryptography (Clarendon Press,
Oxford, 1988) contains a very nice succinct proof of Shannon’s fundamental theorem,
as well as an excellent introduction to modern coding theory. For those who want a
more advanced (but not unreadable) approach to information theory, try Communica-
tion Theory by C. Goldie and R. Pinch (Cambridge University Press, 1991), if they are
theoretically minded, or Principles and Practice of Information Theory by R. Blahut
(Addison-Wesley, 1987), for a more applied context.

A classic reference for the scope of information theory within science is L. Brillouin
Science and Information Theory (Academic Press, 1962). A fascinating description of
an information theoretic approach to genetics is Information Theory and the Living
System by L. Gatlin (Columbia University Press, 1972). The information theoretic
distance discussed in Exercise 6.14 plays a fundamental role in Gatlin’s theory. An
interesting critique of the application of information theory to the behaviour of living
systems can be found in Appendix 2 (‘What is Information?’) of The Way by E.
Goldsmith (Rider, 1992).
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RANDOM VARIABLES WITH
PROBABILITY DENSITY FUNCTIONS

8.1 Random wvariables with continuous ranges

Since Chapter 5, we have been concerned only with discrete random variables and
their applications, that is, random variables taking values in sets where the number
of elements is either finite or co. In this chapter we will extend the concept of random
variables to the ‘continuous’ case wherein values are taken in R or some interval of R.

Historically, much of the motivation for the development of ideas about such ran-
dom variables came from the theory of errors in making measurements. For example,
suppose that you want to measure your height. One approach would be to take a
long ruler or tape measure and make the measurement directly. Suppose that we get
a reading of 5.7 feet. If we are honest, we might argue that this result is unlikely to
be very precise—tape measures are notoriously inaccurate and it is very difficult to
stand completely still when you are being measured.

To allow for the uncertainty as to our true height we introduce a random variable
X to represent our height, and indicate our hesitancy in trusting the tape measure by
assigning a number close to 1 to the probability P(X € (5.6,5.8)), that is, we say that
our height is between 5.6 feet and 5.8 feet with very high probability. Of course by
using better measuring instruments, we may be able to assign high probabilities for
X lying in smaller and smaller intervals, for example (5.645,5.665); however, since the
precise location of any real number requires us to know an infinite decimal expansion,
it seems that we cannot assign probabilities of the form P(X = 5.67). Indeed, there is
no measuring instrument that can distinguish, for example, between the two numbers
5.67 and 5.67 + 10747, so how would we know which is the correct height? We now
begin to formalise these ideas by fixing an interval (a,b) of the real line ((a,b) could
be the whole of R if we take a = —o0 and b = c0). We introduce a probability space
(S,B(S), P) and define a random variable with range (a,b) to be a mapping X from
S to (a,b). In order to be able to describe probabilities of X taking values in certain
regions, we introduce the Boolean algebra Z(a, b) of all broken lines within (a,b). For
each G € Z(a,b) we define

px(G) = P(X € G) (8.1)

Notes
(i) Some readers may like to bear in mind that P(X € G) is shorthand for P({w €
S; X (w) € G}). For such a probability to exist, it is essential that the set X ~}(G) €

139
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B(S), where X 1(G) = {w € S; X(w) € G}. In general, there is no reason why
this should be the case and, consequently, advanced books on probability theory
always restrict the definition of ‘random variable’ to those mappings which have
this property. These are called ‘measurable functions’.

(ii) Random variables with range (a, b) are sometimes called ‘continuous’ random vari-
ables. It is important to appreciate that this is not the same thing as a ‘continuous
function’ taking values in (a, b).

Generalising the argument of Lemma 5.1, we have the following Lemma.

Lemma 8.1 px is a probability measure on Z(a, b).

Proof Let Gy and G be disjoint sets in Z(a, b); then

px(G1UG2) = P(X € G1UGs)
= P(XeG)U(X €Gy))
P(X € G1) 4+ P(X € G2) since P is a measure
= px(G1) +pa(G2)

S0 px is a measure. To see that px is in fact a probability measure, note that

pX((avb)) =p(X € (avb)) =1

O

We call p,, the probability law of the random variable X. The cumulative distribution
also makes sense for these random variables and is defined by

F(z) = px((a,z)) fora<ax<b
= PX<ux

We leave to Exercise 8.2 the appropriate generalisation of Lemmas 5.2 and 5.3 in this
context (see also Equation (8.1) below). In the discussion of height measurements at
the beginning of this chapter, we argued that it made no sense, in practice, to speak of
a random variable with a continuous range taking a precise value. In general, we say
that a random variable X is distributed continuously if px ({z}) = 0 for all = € (a, b).
All the examples of random variables which we will deal with in this chapter will be
distributed continuously. It turns out that the cumulative distribution of such random
variables is a very useful tool in their analysis, as the following result shows.

Lemma 8.2 If X is a continuously distributed random variable on (a,b), then its law
px is completely determined by its cumulative distribution.

Proof Let J € Z(a,b). Since X is distributed continuously, we can take J = I; Uy U
...UI, for some n € N, where each I, = (zg,yr) witha <z <y1 <z <ya < -+- <
Tn < Yn < b.

By (P3) (p. 37) and Lemma 8.1, we have

px(J) = px () + px(I2) + ...+ px(In)



8.2 Probability density functions 141

Now write each I, = (a,yr) — (a, ) and use (P4) (p. 37) and the definition of F to
obtain

px(J) = F(y1) — F(21) + F(y2) — F(z2) + -+ Fyn) — F(xn).

O

Inspired by Lemma 8.2, we often find it convenient to characterise the distributions
of continuously distributed random variables by means of F' rather than px. In fact,
the formula obtained in the last line of the proof is very useful in practice when J is
itself just an open interval (x,y), for, if we recall that px(z,y) = P(X € (x,y)) =
P(z < X < y), then we have

Plx<X<y)=F(y) — F(z) (8.2)

Notes

(i) We should bear in mind that the definition of random variables taking values in
an interval is broad enough to include all the discrete random variables discussed
in Chapter 5 but, of course, none of these is continuously distributed.

(ii) Any random variable with range (a,b) C R can always be extended to a random

variable with range the whole of R by considering px as a probability measure on
Z(R) with

px((a,b)) =0.

8.2 Probability density functions

Let X be a continuously distributed random variable taking values in (a,b) with
cumulative distribution F'. Almost all the important examples of random variables
which we meet in elementary probability are of the following type—there exists a
function f defined on (a,b) such that f(z) >0 for all a <z < b and

F(z) = /m f(y) dy (8.3)

f is called the probability density function (pdf) of the random variable X. By (P2)
(p-37), P(X € (a,b)) = px((a,b)) = 1; hence for a function f (for which f(x) > 0 for
all a <z <b) to be a pdf of a random variable X with range (a,b) we must have

b
/ fly)dy =1 (Compare this with Equation (5.1))

It follows by the fundamental theorem of calculus applied to (8.3) that if X has a pdf.
f, then its cumulative distribution F is differentiable with derivative

Fl(z) = f(x), (8.4)

and since the derivative of F' is unique it follows that a random variable cannot have
more than one pdf. By Lemma 8.2 we see that if a pdf is given, then it completely
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determines the law px. Intuitively, a pdf establishes a relationship between ‘probabil-
ity” and ‘area under a curve’, as Fig. 8.1 shows. We will investigate this idea in greater
detail in the next section. Notice that if a <z < y < b, then

Plz< X <y) = /y Ft)dt (8.5)

Example 8.1 [the uniform random variable] This is the continuous analogue of the
discrete uniform distribution discussed in Section 5.2. Let a,b € R with b > a; we say
that X has a uniform distribution on (a,b) if (see Fig. 8.2)

1
f(:z:):m foralla <z <b

If X is such a random variable we write X ~ U(a,b).
To compute the cumulative distribution we use (8.3) to obtain

o1 x—a
F(x) = dt =
(@) /a b—a b—a

Example 8.2 A uniformly distributed random variable takes values in the interval
(1,9). What is the probability that its value is greater than 2 but does not exceed 67
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f(x)

A

Fig. 8.3.

Solution Using the formula for F' obtained above we find that

F(z) = é(:v —1) when X ~ U(1,9)

Now by (8.1) we find

PR<X<6)=F6)—F(2) = -(6-1)—=(2-1)

N| = 0o =

Example 8.3 [the exponential distribution] Given A > 0, we say that X has an
exponential distribution with parameter X if it has range [0, c0) and pdf

f(z) =™

If X is such a random variable, we write X ~ £(\). The graph of the pdf is shown in
Fig. 8.3.

Using (8.1) we find that
F(z) = / Ae Mdt =1—e
0

The exponential distribution is frequently applied to describe the time to failure of
electronic devices. As we will see in Example 8.5, A can then be interpreted as the
average failure rate.

Example 8.4 Given that A = 1, what is the probability that a solid state device lasts
longer than two hours?

Solution P(X >2)=1— F(2) =e 2 =0.135.

If X and Y are two random variables with continuous ranges, « is a scalar and g is
a real-valued function, we can form the new random variables X + Y, aX, XY and
g(X), just as we did in Chapter 5 in the discrete case.

If X has pdf f, we define its expectation E(X) by

b
E(X)z/ af (z)dz (8.6)
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and, just as in the discrete case, we often write u = E(X).
More generally, we have

b
Blg(X)) = [ gla)(o)ds (87)
In particular, the nth moment of X is
b
E(X™) :/ 2" f(z)dx (8.8)

and the variance Var(X) is defined by
Var(X) = E((X - p)*)

b
— [@-w s (5.9
and we sometimes write 02 = Var(X) and call o the standard deviation of X.

Example 8.5 Find the expectation of X ~ E(A).

Solution Using (8.6) and the pdf of Example 8.3 above we find that

E(X) = / z - de Mdz
0
= [—ze )P + / e *®dz using integration by parts
0
1

Notes

(i) We always assume that our random variables are such that each of the expressions
in (8.6)—(8.9) are finite. This is not, in fact, always the case—see Exercise 8.10 for
an example.

(i) If we compare (8.6)—(8.9) with the analogous expressions in Chapter 5 we see
that they are of a similar form, the main differences being that the sum has been
replaced by an integral, the value of the discrete variable by that of the continuous
one and the probability p; by ‘f(z)da’. An attempt to explain the logic of these
changes is made in the next section.

8.3 Discretisation and integration*

In this section, we will try to fulfil the promise of note (ii) above and explain why
Formula (8.7) is a ‘natural’ extension of the discrete version in Chapter 5.

An intuitive way of imagining how random variables with continuous ranges come
about is to think of a (sequence of) random variable(s) taking more and more values
so that these ‘merge’ into a continuous line. If we draw the probability histogram, we
can then begin to see the pdf emerge as a curve which interpolates between the heights
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of each of the blocks. As an important motivating example, Figs. 8.4 and 8.5 show
probability histograms for the binomial distributions with p = 0.5 and n = 10, n = 20
respectively. In this case, the pdf which emerges is that of the normal distribution,
which we will examine in some detail in Section 8.5 below.

Using the above discussion as motivation, we now concentrate on the business of
justifying (8.7). We begin by remembering how (definite) integration works. Suppose
that we want to calculate the area under the curve y = h(z) between x = a and = = b,
as is shown in Fig. 8.6.

We first construct an approximation to the required area as follows. We form a
partition P of the interval [a, b] by dividing it into n (not necessarily equal) intervals of
the form [xy,_1, zy], where 29 = a and x,, = b. Choose points &;, where, for 1 < j < n,
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y

y=h(x)

y
=
2
o0
L
k)
<
2
2 y=h(x)
2
N =T
=
X

each & € [zj_1,2;] and define

n

S(P) =Y h(&)Ax;

Jj=1

where Az; = x; —x;_1. S(P) is then the area given in Fig. 8.7.

The idea now is to increase the number of terms n in the partition while letting
each Ax; get smaller and smaller. As this happens the quantity S(P) gets closer and
closer to the required area. From a mathematical point of view this involves taking a
limit, but as the details are quite complicated we will just write the result as

/b h(z)dx = lim S(P)

and leave the reader to consult a textbook on analysis for the precise meaning of

the limit.
Now we want to apply these ideas to random variables. Let X be a random variable

with range [a,b] and pdf f. Let P be a partition of [a,b] as above. We construct a



8.4 Laws of large numbers 147

discrete random variable X as follows: the range of X is the n values &1,89,...,&n
defined above and the probability law of X is {p1,p2,...,pn}, where

pj = /m] f(x)dz = F(x;) — F(xj-1)

The random variable X is called a discretisation of X.
Now the expectation of g(X) is given by

M:

E(9(X)) = 9(&)p;

<.
Il
—

[
M:

9(&)(F(xj) = F(xj-1))

<.
Il
—

F(x;) = F(X;-1)
A,Tj

[
M:

9(&5) Az; (%)

<.
I
—

Now since, by the definition of the derivative and (8.4) we have

hm F({EJ) — F(ijl)
AI]‘HO ij

= F'(x;) = f(z;)

we find that when we take limits in (), we obtain

. b
limE(g(X)) = / o) f(2)dz = E(g(X))

as was required.

8.4 Laws of large numbers

In this section, we aim to return to the study of sums of i.i.d random variables which
we began in Chapter 5, and also complete the discussion of the relationship between
probability and relative frequency which began in Chapter 4.

First, we need to extend the ideas of independent and identically distributed random
variables to the context of this chapter. Let X and Y be random variables with ranges
(a,b) and (c,d) respectively. Clearly, the definition given in (5.16) is not appropriate
in this context but the equivalent condition obtained in Exercise 5.16 gives us a clue
as to how to proceed. We say that X and Y are (probabilistically) independent if for
all A € Z(a,b) and all B € Z(c,d), we have

P(XeA)Nn(YeB)=PXe AP € B) (8.10)
X and Y are said to be identically distributed if they have the same range (a,b) and
P(XeA)=PY e€A) forall AecI(a,b)

Just as in the discrete case, we can now consider i.i.d random variables with continuous
ranges.
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Let X1, Xo,... be a family of i.i.d random variables with common mean g and
common variance o2. We form their partial sums
Sn)=X1+Xo+---+ X,

and, just as in (5.8), we find that E(S(n)) = nu and Var(S(n)) = no?. We now wish to
= % as n gets
larger and larger. To motivate this analysis, it may be useful to re-read the section on

investigate the ‘asymptotic behaviour’ of the random variables X (n)

elementary statistical inference at the end of Section 5.6.

Intuitively, the values of the random variable X (n) are all possible sample means
based on samples of size n. As n gets larger and larger, we should be getting more and
more information in our samples about the underlying population. Hence, the values
of X (n) with increasing n should be getting closer and closer to the population mean
. So as n gets larger we would expect | X (n) — u| to get smaller. The next two results
give a more precise meaning to these ideas.

Theorem 8.3 (Chebyshev’s inequality) Let X be a random variable with range R
and let ¢ > 0 be arbitrary; then

0,2

P(X -—plzc) < — (8.11)

Proof Let A= {x € R;|r —p| > c}. By (8.9) and using the fact that R = AU A,
we have

— [ wrr@dot [ @ pfrd
A A
> / (z — p)* f(z)dz

~Ja
202/14 (x)dx

f
= c2pX(A)
= EP(X — i > ¢) by (8.1)
and the result follows. O

Notes

(i) Recalling that probability is a measure, we should note that the left-hand side of
(8.11) is short for

P({w e 5;[X(w) —pul = [})

(ii) You should convince yourself that A = (—oo, u — ¢] U [u + ¢, 00) so that the inte-
gral over A in the above proof is a sum of integrals over these two intervals (see
Exercise 8.15).

(iii) In the proof of Theorem 8.3, we assumed that X has a density f—this is not
necessary in general. In particular, the proof carries over easily to the discrete case
(Exercise 8.16). We should bear this in mind for the next result.
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(iv) Even if X is not distributed continuously we see that (8.11) implies

o2

POX —pl>c) <=

2’

as {w € S;[X(w) = ul > ¢f} C{w € 55 [X(w) = pu = ]}

Corollary 8.4 (the weak law of large numbers) Let X7, X5,... be a sequence of
i.i.d random variables with common mean p and variance o2. Consider the random

variables defined above as X (n) = %; then for all ¢ > 0 we have
— 0'2
P(X(n)— < — 8.12
(K(m) —pl > ) < T (812)

Proof Apply Chebyshev’s inequality to the random variable X (n) and use E(X (n))

u and Var(X(n)) = %2

O

By (8.12), we deduce that

lim P(|X(n) —p| >e)=0
n—oo
(Bear in mind note (i) above when interpreting this statement.)
The weak law tells us that as n gets larger and larger it becomes increasingly unlikely
that the values of X (n) will differ appreciably from p.
We now apply the weak law to the analysis of relative frequencies. Suppose we are
carrying out a repeatable experiment whose results can be described as ‘successes’ or
‘failures’. Let X; be the Bernoulli random variable defined by

X; = 1if the jth experiment is a success

= 0 if it is a failure

We denote P(X; = 1) = p. Remember that in practice p is unknown and so we try
to estimate it by repeating the experiment a large number of times and calculating
the relative frequency. We define the random variable X(n) = %
recognise that the values of X (n) are precisely the relative frequency of successes in
n experiments which we denoted by f,, in Chapter 4. For example, if we repeat the
experiment five times and obtain three successes we will have X (n) = %

Recalling that for the Bernoulli random variables X; we have p = p, we find that

the weak law tells us that for every ¢ > 0, we have

as usual and

lim P(|fp —p|>¢)=0 (8.13)

Many mathematicians and philosophers have tried to use this result to define the
probability of success p as the limit of relative frequencies; however, we need to look
at (8.13) more carefully. What it is telling us is that as n increases, the probability of
the event in which the difference between f,, and p is appreciable is becoming smaller
and smaller. The crux of the matter is the word probability above—in order to use the
law of large numbers to define probability as the limit of relative frequencies, we need
to already know what probability is—consequently the argument is circular and hence
invalid. Equation (8.13) does, however, give a mathematical legitimacy to the use of
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relative frequencies to approrimate probabilities and this is clearly of great practical
value in itself.

There is a more powerful result than Theorem 8.3 which is called the strong law of
large numbers. Its proof goes beyond this book but we can at least state it; it says
that under the same hypotheses as were required for Theorem 8.3, we have

P(lim Y(n):,u) =1
n—oo
This statement is stronger in the sense that the weak law, Theorem 8.3, can be derived
as a consequence of it.

Finally, we complete this section by returning to the proof of Shannon’s fundamental
theorem given in Section 7.5 and providing the missing proof of Proposition 7.8. We
recommend readers to re-familiarise themselves with the context and notation.

Proof of Proposition 7.8 We begin by noting that the event A is precisely the event
(S(d) > r), where S(d) is a binomial random variable with parameters ¢ and d and
where r = d(e + v). So

P(A)=P(S(d)>r) = P(S(d)—ed>vd)
< P(|S(d) —ed| > vd)
Now apply Chebyshev’s inequality (see Exercise 8.16) with X = S(d), pu = ed, 0? =
e(1 —e)d and ¢ = vd to obtain

e(l—e¢)
vd
and this can be made smaller than any given d; by taking d large enough. ]

P(A) <

8.5 Normal random variables

In this section, we will begin the study of what is perhaps the most important class
of random variables in probability theory. These are called normal or Gaussian (after
the great mathematician Carl Friedrich Gauss (1777-1855)) and there is a different
random variable for each value of the two parameters € R and ¢ > 0. The pdf for
such a random variable is given by the formula

S .
f(x)_a\/(%r) p{ 2( - )} (8.14)

and the range is the whole of R. To show that (8.14) is a genuine pdf requires some
ingenuity with double integrals and is postponed to Appendix 3.

This pdf is widely known for its ‘bell-shaped curve’, as shown in Fig. 8.8. The graph
indicates that the curve is symmetric about the line y = u. Note also the asymptotic
behaviour of the curve in both directions along the z-axis.

In general if X has the pdf of (8.14), we say that it is a normal (or normally
distributed) random variable with parameters p and o and we write

X ~ N(M702)
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fx)

Fig. 8.8.

Fig. 8.9.

The parameters p and o2 have both a probabilistic and a geometric interpretation.
Probabilistically, a routine exercise in integration shows that

E(X) = p and Var(X) = o

You can establish these for yourself in Exercise 8.25 or, alternatively, wait for the next
section where you’ll meet a short cut. Geometrically, the story is told by Figs. 8.9
and 8.10. In Fig. 8.9 we have the pdfs for two normal random variables with the same
variance but different means p; < po. In Fig. 8.10 the means are the same but the
variances are different, with o < 0.

To calculate probabilities for normal random variables, we need the cumulative dis-
tribution function F(z) = ffoo f(y)dy, with f, as given by (8.14). It turns out that
there is no way of expressing F' in terms of elementary functions such as polynomi-
als, exponentials or trigonometric functions (try it!). Consequently, we need to use
numerical methods to calculate F'. Fortunately, this has already been done for us to a
considerable degree of accuracy and the results are commercially available in various
published statistical tables (if you want to experiment yourself, see Exercise 8.22). Of
course, it would be impossible to prepare these for all of the infinite number of differ-
ent normal random variables obtained for different values of u and o but, fortunately,
we can ‘standardise’. More precisely, define a new random variable Z by

_X—p

g

Z

(8.15)
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Fig. 8.10.

F(2)

G()
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Fig. 8.11.

Lemma 8.5
Z ~ N(0,1).

Proof Make the substitution z = *=£ in (8.14) so that dz = o dz. The cumulative
distribution for Z is then given by

1 i 1
F(z)=P(Z<2)= ——— _La)y
which corresponds to the pdf of (8.14) with =0 and o = 1. O

The random variable Z is called the standard normal. All statistical tables on the
market give probabilities associated with Z for values z > 0. However, some of these
are in terms of the cumulative distribution F(z) = P(Z < z) (area 1 in Fig. 8.11),
while others give the so-called ‘tail probability’ G(z) =1 — F(z) = P(Z > z) (area 2
in Fig. 8.11).

Note that for z; < za, we have (Fig. 8.12)

P(Zl S Z S 22) = F(Zg) —F(Zl)
= G(Zl) — G(Zg)
Warning: Before doing numerical exercises, be clear which type of table you have.

All the calculations in this book are carried out with the aid of tables of G(z) which
the reader may find in Appendix 4.
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Fig. 8.12.
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Fig. 8.13.

A useful property of the standard normal which gets around the lack of negative
values in the tables is the following.

Lemma 8.6 For z > 0
P(Z<—2)=P(Z > 2)

Fig. 8.13 says it all but for those who don’t trust diagrams we have the following:

Proof

PUZS =)= o [ e (‘%y> W

Now substitute t = —y to find

P(Z<—-z) = —\/(127T)[.:exp (—%tz) de
1

O

The trick in numerical exercises such as that given below is to manipulate proba-
bilities using the usual laws together with properties of Z such as Lemma 8.6 above
until the required probability is expressed entirely in terms of G (or F') and so can
then be found by using the tables.
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Example 8.6 A normally distributed random variable X has a mean of 75 and a
standard deviation of 13. Find

(a) P(X <81),

(b) P(72 < X <80)

Solution We will use tables which give G(z) = P(Z > z). First note that, by
Lemma 8.5, we have that Z ~ N(0, 1), where

P X175
13
(a) We have
1—
P(X <81)=P <Z <8 1375) = P(Z < 0.462)
But
P(Z<0462) = 1—P(Z>0.462)
= 1-G(0.462)

1 —0.3228 (by tables)
= 0.68 (to two decimal places).

7275 80 — 75
P(72§X§80)_P< <2< )
= P(-0.231 < Z < 0.385)
= P(Z > —0.231) — P(Z > 0.385) by (8.15)
=1-P(Z < —0.231) — P(Z > 0.385)
=1-P(Z >0.231)— P(Z > 0.385) by Lemma 8.6

=1— G(0.231) — G(0.385)

= 0.24 to two decimal places.

The importance of normal random variables derives from the fact that they describe
situations where a large number of values of a random variable are clustered around
the mean, with values away from the mean becoming more and more unlikely the
further away we go. Random variables of this type arise in a number of important
practical situations such as the following:

(a) The theory of measurement. Repeated experimental measurements of a given quan-
tity appear to have the property of clustering around the ‘true value’ in the way
described (at least approximately) by the normal curve. The variation is caused
by random ‘noise’ which even the most careful experimental procedure is unable
to eliminate. This manifestation of the normal distribution was a major impetus
in the development of the central limit theorem, which is described in the next
chapter.
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(b) Nature provides many examples of phenomena which are modelled by normal ran-
dom variables. Examples include the spread of many human attributes across the
population, such as height, weight and IQ scores (whatever the merits of the latter
may be as indicators of ‘intelligence’).

8.6 The central limit theorem

Just as the normal random variable is (probably) the most important random variable
in elementary probability theory, then the central limit theorem is perhaps the most
important single result. Indeed, it is a result which clarifies the role of the normal
distribution and has vital implications for statistics.

Before stating and proving this theorem, we must first study the technique of
moment generating functions. These were introduced for discrete random variables in
Exercises 5.37-39. We now generalise to the continuous case.

Let X be a random variable with range (a,b) and pdf f. Its moment generating
function Mx is defined by

b
M (t) = / ! f(2)dz (8.17)

for t € R.

Note: Clearly, Mx is only defined when the integral is finite. This may not always
be the case and for this reason more advanced books on probability theory tend to
use an object called the ‘characteristic function’ instead of Mx. This is defined as
in (8.17) but with ¢ replaced by it where i = y/ — 1, and it is finite for all random
variables. Knowledgeable readers will recognise (8.17) as the Laplace transform of the
function f, whereas the characteristic function is the Fourier transform.

The reason why M, is called a moment generating function is the following (see
Exercise 5.37).

Lemma 8.7
dn
E(X") = —Mx(t) (8.18)
der t=0

Proof Differentiate under the integration sign in (8.17) and use

d’n.
@(etac) — Inetz
Now put ¢ = 0 and compare the result with (8.8). O

Another way of proving (8.18) is to expand the exponential in (8.17) as an infinite

series:
o0

thax™
=y
n!

n=0

and recognise that (8.17) then becomes

M () = i %]E(X") (8.19)
n=0
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We will find (8.19) of value below.

Example 8.7 Find Mx (t) for X ~ N(u,0?). Hence, verify that the mean and variance
of X are p and o? respectively.

Solution Substituting (8.14) in (8.17) we find

Mx(t) = %/_O;ewtexp{—% (x;“)Q}dx

Substitute z = *=£ to obtain

Mx(t) = \/(1%_) e“t/ e”* exp (—%z2> dz

Now substitute y = z — ot and use the result of Appendix 3 to find
1
Mx (t) = exp <,ut + 502t2> (8.20)

Notice, in particular, that if Z ~ N (0, 1), then
1,
Myz(t) = exp §t

Differentiate (8.20) twice and use (8.18) to find E(X) = u and E(X?) = o2 + p%
Hence, Var(X) = 02 by Theorem 5.6(a) (extended via Exercise 8.14).

Now let X7, Xo,... be a sequence of i.i.d random variables, each with mean u
and variance o2, and consider their sum S(n), which, we recall, has mean nu and
variance no?. We note that the results of Exercise 5.39(a) and (b) extend to our more
general situation and we will feel free to use these below (full proofs will be given in
Section 9.5). We standardise the sum to form the random variables

S(n) —nu
o\/n

and note that E(Y(n)) = 0 and Var(Y'(n)) = 1.

We are now ready to state and prove the central limit theorem. Before we do this let’s
take a quick peek forward and find out what it’s going to tell us. The startling news
is that whatever the nature of the random variables X ;—whether they are discrete or
continuous, Bernoulli or exponential—as n gets larger and larger the distribution of
Y (n) always gets closer and closer to that of the standard normal Z! We will explore
some of the consequences of this astonishing result after the proof.

Y(n) = (8.21)
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Theorem 8.8 (the central limit theorem) Let X3, Xo,... be i.i.d random variables
with common mean p and variance o2. Write S(n) = X1 + Xa+ ...+ X,; then for
any —oo < a < b < oo, we have

Tim P (a < W < b) - ﬁ /ab exp (—%22) dz (8.22)

Proof We will only give a brief outline of the proof which makes it appear to be a lot
simpler than it really is! Our strategy will be to use moment generating functions and
we will, at the end, use the following fact which is too difficult to prove herein.

If W1, Wo, ... is a family of random variables such that for all ¢ € R, lim,, oo My, (t) =
My (t), where My is itself the moment generating function of a random variable
W, then

lim P(a < W, <b)=Pla<W <b) (+)

n—oo

for all —oo <a < b < 0.
Now consider i.i.d random variables defined by

Tj:Xj—u forj:1,2,...
Clearly, we have E(T}) = 0 and E(T}) = Var(T;) = 0* and

1
Yn)=—F—"=MDN0O+T2+---+1T,
(n) U\/n( 1+ To+-+T)
where Y (n) is given by (8.21).
Now by Exercise 8.32 with a = oy/n and b = 0 and Exercise 5.39(b) we have

My (o) () = (M <O_tm)>n forall £ € R

where M on the right-hand side denotes the common moment generating function of
the T;s.
Now apply (8.19) to M to find

t ¢ 1 ¢ > tm E(T™)
(U\/n) + (J\/n X ) + (2 o2’ ) + Z " m! o™

m=3

I
—
+

N~
| %
+
7N
S|

X

)
3
N

where a(n) =Y 7 o n_(m_2)/2%% and we note that E(77") has the same value
for any j =1,2,.... Thus
1121 "
My(n) (t) = (1 + 55 + ECM(TL))

Now it is well-known that e¥ = lim,, .o (1+2)" and, furthermore, if lim,, .o a(n) =
0, then it can be shown that

1 n
eY = lim <1 + Y44 —a(n))
non

n—oo

(see Exercise 8.33 if you want to prove this for yourself).
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Hence we find that
1
lim MY(n) (t) = exp <§t2) = Mz(t)
and the final result then follows from (x) above. O

As a first application of this result we can begin to understand the so-called ‘binomial
approximation to the normal distribution’, which we hinted at in Section 8.4. Indeed,
if we take X3, Xo,... to be Bernoulli random variables with common parameter p,
then S(n) is binomial with parameters n and p, and (8.22), together with (5.11), yields
the following corollary.

Corollary 8.9 (de Moivre-Laplace central limit theorem) If X7, Xo, ... are Bernoulli
with common parameter p, then

) S(n) —np 1 b 1,

nh_)rr;op (a < m < b) = W/a exp (—52 )dz (8.23)
Equation (8.23) was historically the first central limit theorem to be established. It is
named after de Moivre who first used integrals ofexp(—%ZQ) to approzimate probabili-
ties, and Laplace who obtained a formula quite close in spirit to (8.23). It is fascinating
that Laplace was motivated in these calculations by the need to estimate the probability
that the inclination of cometary orbits to a given plane was between certain limits.
The modern central limit theorem (8.22) began to emerge from the work of the Rus-
sian school of probabilists—notably Chebyshev and his students Markov and Lyapunov
towards the close of the nineteenth century.

Example 8.8 A large file containing 1000 symbols is to be sent over a modem between
two PCs. Owing to a fault on the line, a large number of errors is expected; however,
previous experience leads us to believe that errors are probabilistically independent
and occur with probability 0.05. Estimate the probability that there are more than 60
errors.

Solution We number the symbols in order of reception from 1 to 1000 and introduce
the Bernoulli random variables

X, = 1 if the nth symbol is an error

X, = 0 if the nth symbol is not an error

for 1 < n <1000, and note that
P(X,=1)=0.05

We are interested in the distribution of S(1000) = X7+ Xs+. ..+ X;000 and note that
this has a binomial distribution with parameters n = 1000 and p = 0.05. It follows
that it has mean

©=0.05 x 1000 = 50
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and standard deviation
o = +/(1000 x 0.05 x 0.95) = 6.89
We require
P(5(1000) > 60)

To calculate this directly using the binomial distribution would be very long and
tedious (unless you have access to a program which can do it for you). We use the
de Moivre-Laplace central limit theorem to obtain a good approximation, that is, we

approximate W by the standard normal Z to find
60 — 50
P(S(1000) > 60) = P (Z > 6.80 ) = G(1.45)

= 0.074 by tables

The statistical applications of the central limit theorem follow from dividing the top
and bottom of (8.21) by n and recalling that the values of the random variable X (n)
are all possible sample means calculated from samples of size n. Equation (8.22) then
takes the form

lim P <a < % < b) = ﬁ /ab exp (—%,22> dz (8.24)

_In practical statistical calculations it is often a reasonable approximation to treat
XU(;I\)/:L“ as a standard normal when n > 20. This is the basis of much elementary work
on confidence intervals and hypothesis tests. Equation (8.23) in particular forms the
basis for statistical tests on proportions.

We invite the reader to compare what the law of large numbers and the central
limit theorem are saying about the asymptotic behaviour of X (n). In fact, the central
limit theorem is giving far more information about the distribution of X (n), but this
is consistent with the weak (and strong) laws in that as n gets larger and larger the

(e

standard deviation 7= is getting smaller and smaller so that the pdf for X(n) is
becoming more and more highly concentrated around the mean (Fig. 8.14).

Example 8.9 [the Brownian motion process| As a final application of the central
limit theorem we consider the problem of how to model Brownian motion. This is the
phenomenon, first discovered by the botanist Robert Brown in the nineteenth century,
whereby a grain of pollen in a solution of water appears to dance and jiggle around
in a random manner. The problem of trying to explain this from a physical point
of view attracted the attention of a number of thinkers (including Albert Einstein).
The modern explanation for Brownian motion is that the motion is caused by the
bombardment of the pollen grain by the molecules of the water. We are interested in
trying to model the displacement of the pollen grain at time ¢. As its motion is random,
we denote this displacement by a random variable X (¢). So the path followed by the
pollen grain is described by the family of random variables (X (t),t > 0), all defined
on the same probability space (such a family of random variables is usually called a



160 Random variables with probability density functions

pdf of X(n) for large n

R$-————mmmmm e -

Fig. 8.14.

‘stochastic process’ *). To simplify matters we will assume that the displacement is
taking place in one spatial dimension only.

Observation tells us that ‘on average’ the pollen grains don’t seem to get anywhere
so we take E(X (¢)) = 0. Furthermore, if 0 < ¢; < t5, then the motion between ¢; and
to doesn’t look any different than that between 0 and ¢;. This suggests in particular
that the random variables X (¢1) and X (¢2) — X (¢1) should be independent and that
the distribution of X (t2) — X (¢1) should depend only upon the time interval t5 — ¢;.

If we write V(t) = Var(X(¢)), we then find by a suitable extension of Theo-
rem 5.11(c) (see Exercise 9.16) that

V(ta) =V(t1) + V(ta — t1)

which is a linear equation and has the solution V(¢) = At, where A is a constant.

We would like to know the distribution of each X (t). We argue as follows: each X (t)
arises as the result of bombardment by a large number of identical water molecules
(experiment indicates that there are around 10%! of these per second) (Fig. 8.15). It
seems reasonable to model the molecular impacts as i.i.d random variables.

The central limit theorem then tells us that (irrespective of the precise nature of
the molecular impacts), as X (¢) is the sum of a large number of i.i.d random variables
then f(%) should be well-approximated by a standard normal. It then follows by
Exercise 8.28 that

X(t) ~ N(0, A?)
Notes

(i) The constant A is related to Avogadro’s constant. Perrin won the Nobel Prize in
1926 for an experimental determination of Avogadro’s constant based on Brownian
motion.

* You can learn more about this important concept in Chapter 10.
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Fig. 8.15. Bombardment of pollen grain by water molecules.

(ii) The stochastic process called Brownian motion described above is not now known
to be the best mathematical model available to describe the physical phenomenon
of Brownian motion. None the less, its properties have been, and are, continuing
to be relentlessly explored in the twentieth and twenty first centuries, and it has
become an essential ingredient of mathematical models of a large number of situ-
ations where random noise is involved—from systems of diffusing particles to the
mysterious workings of the Stock Exchange.

8.7 Entropy in the continuous case

We want to generalise some of the ideas of Chapter 6 to the case where X is a
random variable taking values in some interval [a,b]. The motivation for this is the
need to develop a theory of information which is appropriate for the modelling of the
transmission of continuous signals. In this section we will consider how the concept of
entropy carries over to the more general case. We begin with a definition. Let X be a
random variable with range (a,b) and pdf f. We define its entropy H(X) to be

H(X)

b
—L/'log<f<x>>f<w>dw

e (1ox (75 )) (5.25)

where we recall the convention from Chapter 6 that log is the logarithm to base 2.

Example 8.10 Calculate the entropy for X ~ U(a,b).

Solution We recall that f(z) = ;2= for € (a,b); hence, by (8.25), we have

H(X) = —/ablog(ﬁ)biadx
= log(b—a)
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When we discussed entropy for discrete random variables in Chapter 6, we found
that it had a number of properties that made it a natural measure of uncertainty; in
particular we always had H(X) > 0. This latter condition is violated in the general
case as we see by taking X ~ U(a,b) with a and b such that 0 <b—a <1 (e.g. a =0.1
and b = 0.5).

The above suggests that entropy in the continuous case is not such a natural concept
as in the discrete case. More evidence for this proposition is obtained by going through
the procedure of discretisation and integration described in Section 8.3. We define a
partition P such that a = 29 < 21 < ... < 2p—1 < z,, = b and choose ; € (zj_1, ;)
for 1 < j < n. The discretisation X of X then has the law

P(X =¢;) = p;, where p; = / flx)da

for1 <j<n.
By (6.3), we have

n
H(X) == pjlog(p;)
j=1
and we want to see what happens to this in the limit. Now

H(X) == pjlog(f(§)) + > pslog (Lﬂ)
j=1 =

Dj

Now before we take the limit we use the same trick as in Section 8.3 and replace each
p; by 2 Az;. When we do this we find that
J ALE] J

lim —ijlog(f(ﬁj)) = H(X)

as given by (8.25) above, but there is a problem in the second term in H(X) which
contains within it a sum of ‘nicely behaved terms’ multiplied by —log(Az;), which
tends to +oo in the limit. Thus we find that

lim H(X) = H(X) + 0o = 00

This suggests that there is no adequate version of entropy in the continuous case. In
extracting the term H(X) from the infinite limit, we are in a sense carrying out a
procedure which physicists call ‘renormalisation’ (to hide the fact that they are on
dodgy ground).

We should not expect entropy to play as big a role in the continuous case as it
does in the discrete case. Fortunately, the concept of mutual information passes over
nicely through the process of discretisation and integration, as we will see in the next
chapter. We will also find that entropy does have its uses in helping us to calculate
channel capacities, and the following results will be of use there.
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Example 8.11 Find the entropy of X ~ N(u,0?).

)
) = st o (4[5
1 2

where we have used the substitution y = 5i4~.
Now use the fact that
e 1
/ eV y2dy = 57#/2 (as Var(Z) = 1 for Z ~ N(0,1))

to find

H(X) = log(c(2m)"/?) + 10%52) lwl/z
s 2

that is,
H(X) = log(o(2me)/?) (8.26)

We will in the sequel write Hy (o) for the quantity given by (8.26). It is interesting to
observe that Hy is a function of o but not of y—this is an indication of the strong
relationship between variance and uncertainty.

Now let S denote the set of all random variables with range R which possess a pdf

and have mean p and variance o2.

Theorem 8.10 If X € S, then
H(X)<Hy

with equality if and only if X ~ N(u,o?).

Proof We adopt the elegant proof given by Goldie and Pinch which uses the continuous
version of the Gibbs inequality which you can prove for yourself in Exercise 8.38. This
states that, with H(X) given as above by (8.25), we have for any pdf, g,

b
H(X) < - / log(g(x)) f (x)dz

with equality if and only if f = g.
Now take X € S with pdf f and take g to be the normal distribution (8.14); then
we find that

~ [ ogtaens@ar = togtotzn + LD [T - w2ray

— 00 — 00

L 2y, log(e)
= §log(27m )+ 52 Var(Y)
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But Var(Y) = o2 hence by the Gibbs inequality we have
1
H(X) < 3 log(2mea?)

as is required. The equality part is immediate. [l

FExercises

8.1. For a random variable X which is distributed continuously on (a,b) show that for
[e,d] C (a,b) we have

px([e,d]) = px(le,d)) = px((¢, d]) = px (¢, d)).

8.2. A random variable X has range (1,8) and law given by

1

d
pe({1}) = % px({2}) = i and px ((c,d)) = m/ rde

whenever (¢, d) C (2, 8). Confirm that p, really is a probability measure. (Note
that X is neither discrete nor continuously distributed.)
8.3. Establish the following continuous version of lemmatta 5.2-5.3 for X a random
variable with range (a, b) and a < ¢ < d < b:
(i) F is an increasing function of z, that is, F'(¢) < F(d).
(ii) F(a) =0, F(b) = 1.
(iii) P(X > ¢) =1— F(c).
8.4. A random variable X has range (0,2) and cumulative distribution
1 4
F(r) = — 4)2 — =
(1) = g5(o+ 47 — 3
(a) Find the pdf for X.
(b) Calculate P(0 < X < 1).
8.5. Find the constant ¢ € R such that the following functions are pdf’s on the given
interval:
(i) 53—6(:172 + 2z 4 ¢) on (1,3),
(i) ccos(mz) on (0, %),
(iii) =5 on (5,¢).
8.6. A random variable X has pdf
3
f(#) = sz +1) on (0,4)

(i) Confirm that f really is a pdf.
(ii) Compute the cumulative frequency distribution of X.
(iii) Calculate P(2 < X < 3).

8.7. Let X ~ U(a,b) with pdf g and Y ~ U(0,1) with pdf f. Show that

1 T —a
g(a:)_b_af<b_a) for z € (a,b).

8.8. (i) Find the mean and variance of X ~ U(a, b).



8.7 Entropy in the continuous case 165

(ii) Show that

1
E(X") = ?(b" +ab" 4 a?" 4+ a" b+ a™).
n

8.9. Find the variance of X ~ £(A).
8.10. Find the constant ¢ such that
c

@) =1
is a pdf on R. The resulting random variable is said to be Cauchy. Show that its
mean is not finite.

8.11. A gamma random variable X with parameters o > 0 and > 0 has range [0, o0)
and pdf

z®~ ' exp(—z/)
I'(a) B
where I' is the gamma function described in Section 2.5:
(i) Confirm that f is a pdf.
(ii) Check that when a =1, X ~ &(1/5).
(iii) Deduce that

fz) =

I'n+ a)
['(a)

(iv) Use the result of (iii) to find E(X) and Var(X).

(Note: Gamma random variables give a more sophisticated approach to modelling

E(X") = "

the lifetimes of some components than the exponential random variables. A special
case of some interest is the x? (chi-squared) random variable with n degrees of
freedom whose pdf is obtained by taking o = n/2 and 8 = 2. This latter random
variable is used for statistical tests concerning the variance of populations.)

8.12. Another class of random variables which are useful in modelling lifetimes comprise
the Weibull class. These have range [0, 00), parameters v > 0 and 6 > 0 and pdf

fla) = %wy_l exp (—%)

(i) Confirm that this yields a pdf.
(ii) Find the value of v for which X ~ £(1/6).
(iii) Find E(X) and deduce the form of E(X™).

8.13. If X is a random variable with range (a,b) and Y is a random variable with range
(¢, d), write down the ranges of
(a) X +Y,
(b) aX,
(c) XY.

8.14. Extend Theorems 5.5 and 5.6 to the continuous case.

8.15. In the proof of Chebyshev’s inequality, show that A = (—oo, u — ¢] U [ + ¢, 00).
What is A?

8.16. Prove Chebyshev’s inequality for discrete random variables.

8.17. Why can’t the strong law of large numbers be used to ‘define’ probability as a limit
of relative frequencies?
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8.18.

8.19.

8.20.

8.21.

8.22.

8.23.

8.24.

8.25.

8.26.

8.27.

8.28.

Show that if X and Y are identically distributed, then:

(i) X is continuously distributed if and only if V" is,
(ii) X has pdf f if and only if ¥ has.

A random variable X has mean 2 and variance 1.6. Estimate the probability that
X is greater than 5.
Prove Markov’s inequality, that is, if X is a random variable with range [0, o), then
E(X
P(X >\ < ¥
[Hint: Proceed as in the proof of Chebyshev’s inequality but use E(X) instead of
Var(X).]
If X ~ N(0, 1) use tables to find:
(a) P(Z > 1.34),
( 7 < 1.34),
7 < —1.34),

b) P(
P(
P(Z > —1.34),
P(
P(-

)
)
()
(d)
) P(0.68 < Z < 2.17),
) 1.76 < Z < 0.24),
) P(Z = 0.43).

Use Simpson’s rule with eight strips (or an alternative method of numerical inte-
gration if you prefer) to estimate P(0 < Z < 1) and compare your result with that
given in the tables.

Without using tables, show that

e

(
(f
(g

P(Z<0)=P(Z>0)=

N =

If X ~ N(p,0?), what are P(X > p) and P(X < pu)?
If Z ~ N(0,1) and a > 0, show that

P(Z>—-a)=1—-P(Z >a)
and hence deduce that
P(—a<Z<a)=1-2P(Z > a).
If X ~ N(p,0?) show that
E(X) = p and Var(X) = o2

[Hint: First show that E(Z) =0 and Var(Z) = 1.

A continuous signal is transmitted over a binary symmetric channel. The number
of errors per second is found to be approximately normal with mean 2 and variance
0.75. Find the probability of (a) less than one error, (b) between one and three
errors, (¢) more than four errors, per second.

A random variable is normally distributed and has variance 1.6. It is known that
P(X >1.8) =0.1. Find the mean of X.

If X ~ N(u,0?) show that Y = ¢X + d is also normally distributed (where ¢ and
d € R). Find the mean and variance of Y.
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8.29.* Prove the tail inequality for Z ~ N(0, 1), that is, that
1
G(y) < exp (—§y2) for y >0

[Hint: Use the fact that e¥(#=%) > 1 whenever z > y.]

8.30. Find the moment generating function for
(i) X ~ U(a,b),
(ii) X ~ E(N)
Use the result of (ii) to find the nth moment for X ~ E(A).

8.31. Find the moment generating function for the gamma random variable of Exer-
cise 8.11.

8.32. Show that if My is the moment generating function for a random variable X with
range R, then a X + b has moment generating function given by

MaXer(t) = ethX (at).

8.33.* Convince yourself that

lim (1+La(n)) =eY if lim a(n)=0.
n

n—oo n—oo

8.34. A coin is biased so that the probability of heads is 0.45. Estimate the probability
that, after 25 throws, the coin has come up heads between 45% and 55% of the time.

8.35. Estimate the number of times that a fair coin should be tossed to ensure that the
probability that between 48% and 52% of the results are heads is 0.99.

8.36. Write down the pdf as a function p(x, t) of position and time for the random
variable X (¢) describing the displacement after ¢ seconds of a particle undergoing
Brownian motion. Show that p satisfies the diffusion equation

op A %p
ot 2 0a2

8.37. Find the entropy of X ~ £(A).

8.38. Imitate the procedure of Exercise 6.9 to prove the Gibbs inequality in the contin-
uous case, that is, that

b b
- / F (@) log(f (2))da < — / f(2) log(g(x))dz

with equality if and only if f = g.
8.39. Use the result of Exercise 8.38 to show that if X is a random variable with pdf
f, then

(a) if X has finite range (a,b), then X has maximum entropy when X ~ U(a,b),
(b) if X has range [0, o) and expectation E(X) = %, where A > 0, then X has
maximum entropy when X ~ E(X).

8.40. A random variable X with range [0, o) is said to be memoryless if
Px>o(X >t)=P(X >t—s) foral0<s<t
(a) Show that if X is memoryless, then
P(X >t+h)=P(X >t)P(X >h) forall h,t>0.
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(b) Show that if X ~ &£(XA) for some A > 0, then X is memoryless (in fact all
memoryless random variables are of this type).

Further reading

All the books listed at the end of Chapter 5 are relevant for the material on continuous
probability. Readers should be aware that both the law of large numbers and the
central limit theorem can be generalised considerably. A beautiful book, written by
one of the leading figures of twentieth-century probability, which extends a number
of ideas from this chapter is Introduction to Probability theory by K. Itd6 (Cambridge
University Press, 1978). In particular this contains a proof of the convergence result
(Lévy convergence theorem) denoted (*) at the beginning of our ‘proof’ of the central
limit theorem. A fascinating account of the history of the central limit theorem can be
found in The Life and Times of the Central Limit Theorem by W. J. Adams (Kaedmon
Publishing Company, 1974).

Many of the books described at the end of Chapter 7 discuss continuous entropy. I
found Reza, and Goldie and Pinch particularly useful. Information Theory for Con-
tinuous Systems by S. Thara (World Scientific, 1993) is a fascinating book devoted
entirely to continuous information.



9
RANDOM VECTORS

9.1 Cartesian products

In this chapter, we aim to study probabilities associated with events occurring in two-,
or higher, dimensional spaces. Before we begin this investigation, we need to extend
some of the ideas of Chapter 3 to this context.

Let A and B be sets. The Cartesian product of A and B is defined to be the set
A x B of all ordered pairs:

Ax B={(a,b), a€ A, be B}

The Cartesian product is named after the great seventeenth-century mathematician
and philosopher René Descartes (1596-1650) (of ‘I think therefore I am’ fame), who
effectively invented co-ordinate geometry. Sometimes we will just refer to it as a prod-
uct. An example should clarify our ideas

Example 9.1 Suppose that a fair coin is tossed, following which a fair die is rolled.
What is the sample space of the combined experience?

Solution We have A = {H,T} and B = {1,2,3,4,5,6}. The sample space of the
combined experience is then
AxB = {(H1), (H,2), (H,3), (H,4), (H,5), (H,6)
(T7 1)7 (T7 2)7 (T7 3)7 (T7 4)7 (T7 6)}

Example 9.1 should convince the reader that, in general,
AxB#BxA

One case in which equality clearly holds is when we take A = B. In this case we adopt
the notation

A2=Ax A
An important example which will concern us much in this chapter is obtained by
taking A = R and considering R? = R x R. This is nothing but the infinite plane as

drawn in Fig. 9.1, and each member (a,b) € R? represents a point in the plane with
z-coordinate a and y-coordinate b.

169
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Fig. 9.1.

Fig. 9.2.

In general, subsets of A x B are said to be products if they can be written in the form
A1><Blz{(a,b)€A><B;a€A1gA, bEBlgB}

For example, in Example 9.1 the subset consisting of the elements {(H, 1), (H, 2), (H, 3)}
is clearly the product {H} x {1,2,3} and represents the event that a head is thrown
followed by a 1, 2 or 3 on the die. It is not the case that every subset of a Cartesian
product is a product; for example, in Example 9.1 {(H, 1),(T, 2)} is clearly not

a product. However, as we will see later, many useful subsets can be built from
products.

Now we consider R?. One important class of examples of products consists of the
open rectangles which are defined to be the sets (a, b) x (¢, d), where (a, b) and (¢, d)
are open intervals in R (Fig. 9.2).

Closed rectangles are defined similarly. You should convince yourself that the union
of two open rectangles cannot, in general, be written as a product. Another example of
a set that is not a product is the disc of radius a > 0, D, = {(z, y) € R?; 2?2+y? < a®};
this is shaded in Fig. 9.3. Note that the boundary of the disc is the circle of radius a
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y
a
X
Fig. 9.3.
defined as
Se ={(z,y) € R? 2 +y* = a®}
The above ideas generalise to define the Cartesian product of n sets Ay, Ag, ..., A,.

This is defined to be
A1 x Ag x---xAn:{(al,ag,...,an); ajEAj, 1§j§n}

A more concise notation is to denote this as X7 ; A;. In particular, we write X' ;A =
A" When n = 3 and A = R we obtain the familiar three-dimensional space in
which our world appears to present itself. Another relevant example is obtained by
considering an experiment which is carried out n times in succession under identical
circumstances. If the sample space for the first trial is S, then that for the n successive
trials is S™. A typical member of S™ represents a sequence of possible results, so the
n-tuple (z1,2,...,%y), where each z; € S, represents the situation where the first
trial gave a result of z;, the second trial gave a result of zq, etc.

9.2 Boolean algebras and measures on products

Let A and B be sets as above and form their product A x B. We define the product
Boolean algebra B(A) x B(B) to be the smallest Boolean algebra which contains all
product sets A; x By, where Ay C A and By C B. As an example, recall that P(A),
the power set of A comprising all its subsets, is a Boolean algebra. In Exercise 9.4,
you can convince yourself that if A and B are finite sets, then

P(A x B) =P(A) x P(B)

In the case of R, we have already seen that P(R) is too big for many of our needs
and that a more convenient Boolean algebra is that given by the broken lines Z(R).
For problems involving probabilities in two dimensions, we define the Boolean algebra
Z(R?) to be Z(R) x Z(R). So Z(R?) is the smallest Boolean algebra containing all
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Fig. 9.4.

products of broken lines. Don’t worry too much about trying to visualise the most
general element of Z(R?)—it isn’t necessary. However, you should convince yourself
that Z(IR?) contains all the open rectangles.

Sometimes we may want to restrict ourselves to a particular region, say a rectangle
(a, b) x (¢, d), in which all the events of interest are taking place. In this case the
relevant Boolean algebra will be Z(a, b)xZ (¢, d). However, in two dimensions there are
more interesting possibilities where the product Boolean algebra is not appropriate;
for example, we may have a problem which exhibits circular symmetry. As an example
suppose that all events take place in the disc D,. In this case the relevant Boolean
algebra may be that generated by all the subdiscs D where 0 < b < a. The following
example will clarify this point.

Example 9.2 A dart is thrown randomly at a circular dartboard of radius 20 cm.
Assuming that it lands somewhere on the board, what is the probability that it is
within a radius of 8 cm and 12 cm from the centre (Fig. 9.4)?

Solution We want P(D12 — Dg). Noting that D15 — Dg is in our Boolean algebra, an
(obvious?) extension of the principle of symmetry leads us to

area of (D12 — Dg)
area of Dgg
7(12)? — 7(8)?

= —— =0.2
(2072 0

P(D12 — Dg)

Although we should bear in mind the lesson of Example 9.2, there are many situ-
ations where product Boolean algebras are the natural homes for our events and we
should educate ourselves about the kinds of measure that we can have on them.

If A and B are finite sets and C' € B(A) x B(B), then counting measure is of course
given by

#C = number of members of C
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In particular, if C' = A3 x Bj is a product, you can easily establish (Exercise 9.2) that
#(A1 x B1) = (#41)(#B1)

Now let A and B be arbitrary sets and let m and n be measures on the Boolean
algebras B(A) and B(B) respectively. A measure p on B(A) x B(B) is said to be the
product of the measures m and n if, for all A; C A and By C B, we have

/L(Al X Bl) = m(Al)n(Bl) (91)

We then write p = m x n.

Clearly, the counting measure on A x B as above is the product of the respective
counting measures on A and B.

From now on we will concentrate on measures of subsets of R2. In particular, let m
and n each be measures on Z(R) which are given as follows:

m((a.t) = [

then on Z(R?) we define a measure u by

u(D) [ = [ atainty)day

where D = (a, b) x (¢, d). Then we have

u((@,b) x (¢ d)) = ( / g<x>dw> < / h(y)dy>

so that p is the product measure m x n.
It is important to appreciate that not all measures on Z(R?) are product measures,
for example a very general class of measures is obtained by defining

u(D) = /D [ s ay (9.1)

where f(z, y) > 0 for all (z, y) € R2. Clearly, if we take f(z,y) = sin®(zy) or
(22 +y?)~1/2, then we do not obtain a product measure.

Again, the ideas in this section extend to n-fold Cartesian products. So if A =
X7, Aj, then the product Boolean algebra X7, B(A;) is the smallest Boolean algebra
containing all the products By x By X --- X B,,, where each B; € A;. In particular,
Z(R™) is built up out of all the open hypercubes (a1, b1) X (ag, ba) X -+ X (an, bp),
where each (a;, b;) is an open interval in R (note that these really are open cubes in
the case n = 3).

In general, if m; is a measure on A; for 1 < j < n, then the product measure
p=mi X mg X+ Xmy,on X A;is given by

b

d
gla)ds, n((e.d) = [ hy)dy

/J,(Bl X Bz X oo X Bn) = ml(Bl) X mg(Bz)mn (Bn)

9.3 Distributions of random vectors

In Chapter 8, we considered random variables defined on some probability space and
taking values in some subset of R. In the preceding two sections, we have done the
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groundwork which enables us to extend these ideas to random variables taking values
in subsets of R? or even R™. One way of approaching such random variables is to regard
them as random vectors W = Xi+ Yjor W = (X, Y) where X and Y are random
variables taking values on some subset of R (so X and Y are random components of
the vector ). * In this chapter we will consider random vectors W taking values in
some region D in R2. The law of W is then the probability measure py, defined by

pw(A) = P(W € A) (9.2)

where A is in some convenient Boolean algebra of subsets of D.
Now suppose that in (9.2), A = B x C is a product. We then have

pw(4) = P((X,Y)eBxC)
= P(XeB)n(Ye() (9.3)
that is, in this case, py (A) is the joint probability that X is in A and Y is in B. This
suggests that properties of the random vector W can also be used to investigate the
relationship between the two random variables X and Y—this is a theme which we

will take up again in the next section.
Note: It is common to employ the notation

PXeBYe(C)=P(XeB)n(Y e))

and we will use this below.

For most of the examples in this chapter we will take D to be an open rectangle
(a, b) x (¢,d). In this case we are interested in events of the form W € A, where A is
in the Boolean algebra Z(D) = Z((a, b)) x Z((c, d)). We say that W is continuously
distributed if

pw({p} x B) =pw(A x {q}) =0
whenever a <p <b, c<qg<d, A€ Z(a,b)and B €I(c, d),so that, in particular, if
r = (p, q) is a point in D, then
pw({r}) =0
Just as in the one-dimensional case, continuously distributed random variables take
values on isolated points with zero probability so in two dimensions they take values

on isolated points or lines with zero probability. In fact, if a < e < f < b and
c < g < h <d we have

pW([evf] X [gah]) :pW((evf) X (gvh))

as

e, [ x[g,h] = ((e, f) x (g,h)) U ({e} x [g,h]) U ({f} x [g,h])
U((e, f) x {g}) U ((e, f) x {h})
Given that W is distributed continuously and taking into account Exercise 9.5, we

see that the law of W, py is determined by its values on finite unions of disjoint open
rectangles contained in D.

*i and j are the unit vectors which start from the origin and point along the z and y axes,
respectively.
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o

Sfw(x,y)

Fig. 9.5.

Consider the open rectangle (a, z) x (¢, y), where < b and y < d. The cumulative
distribution of W is the function Fy of two variables defined by

FW(Iay) :pW((a,x) X (Ca y))
=P(X <=z,Y <y) (9.4)

Some of the properties of Fy are explored in Exercise 9.5.

We will be mainly interested in continuously distributed random vectors W which
have a probability density function (pdf), which is a function fy of two variables such
that for each a < x < b,¢c < y < d, we have

Fy(x,y) = /: /cy fw (u,v) du dv (9.5)

Clearly, in order to be a pdf, fyr must satisfy the conditions
(i) fw(z, y) >0foralla <x <bec<y<d,
(ii) f; fcd fw (u, v)du dv = 1.

As in the one-dimensional case, we represent probabilities as areas under the curve
given by the pdf, so, in the two-dimensional case, probabilities are represented as
volumes under the surface sketched by fi (Fig. 9.5). Just as in the one-dimensional
case, fiy may be recovered from Fyy by differentiation, that is,

o 82FW($,y)
fW(xvy) = Tayv

and so fy (if it exists) is the unique pdf associated to W.

Example 9.3 A random vector W = (X, Y) has range (0,1) x (1,2) and pdf

fi(,y) = 51+ 42%)
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Fig. 9.6.

Obtain the cumulative distribution of W and hence confirm that fy is a legitimate
pdf.

Solution By (9.5),

Fw(x,y)

T Yy 1
/ / (1 + 4u*v)du dv
o J1 3
1 T

g/0 {/1y(1+4u2v)dv}du

1 2
gﬂﬂ(y 1)+ 51’2(3/2 -1)

then Fyy(1,2) = 1, as is required.

Example 9.4 [uniform random vector in D]. To begin with, let D be any region in R?;
then we say that W is uniformly distributed in D if for any suitable subregion A C D
(Fig. 9.6), we have

A
pw () = 2 (9.6

(See Example 9.2).

In the case where D = (a, b) X (¢, d) (Fig. 9.7), then py has a pdf given by

1

fw(z,y) = G—a)d—0 (9.7)

This is the obvious generalisation of Example 8.1. You can convince yourself that (9.7)
is compatible with (9.6) in Exercise 9.8.

Example 9.5 [the bivariate normal distribution] The bivariate normal random vector
(Fig. 9.8) with parameters u1, ps € R, o1, o2 > 0 and p satisfying —1 < p < 1 has
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2

1
(b-a)(d-c)

the pdf defined on R2 as

1 1 T — 1 ?
fw(@,y) = 2770102\/(1—02)exp{_z(l_pz) [< o1 )

A ) -

In the next section, we will see that 1 and po can be interpreted as means, o; and
o9 as standard deviations and in Exercise 9.15 we see that p is a correlation coefficient.
We will also confirm that (9.8) really does define a legitimate pdf.
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If we put g1 = u2 = 0 and o7 = 02 = 1 in (9.8) we obtain the family of standard
bivariate normal distributions (indexed by p). If on the other hand, we put p = 0 in
(9.8) it should be an easy exercise to check that fi (x, y) = fx(x)fy (y), where fx is
the pdf for X ~ N(u1, 07) and fy is the pdf for Y ~ N(u2, 03).

Note: The most general class of bivariate normals is best defined with a little linear
algebra. To this end let a, b, ¢ € R and satisfy the condition: ac — b > 0.

Let C' be the matrix (Z

positive. Now let w denote the column vector (zjﬁé) and consider the quadratic form

Q(z, y) = wT Cw, where w? is the row vector corresponding to w, so

Q(z,y) = a(z — p1)* + 2b(x — 1) (y — p2) + c(y — p2)®

then the most general bivariate normal has the pdf

b
) and note that its determinant det(C) = ac — b? is
c

det(C))*/? 1
st = SN o LSt | (9.9
m 2
To obtain (9.8) from (9.9) you put
1 P 1
6=———>,b=—-———F——andc= .
20— 102l — 77) 20—

The results of this section are easily extended to random vectors taking values in
regions of R™. For example, if W = (X1, Xo, ..., X,,) takes values in the open hyper-
cube (a1, b1) X (a2,b2) X ... X (an, by), and if z; < b; for 1 < j < n, then the
cumulative distribution is given by

F(z1,22,...,2,) = PW € (a1,21) X (az,x2) X ... X (an,Tp))

and W has a pdf fy if

T o Tn
F(x1,x9,...,2,) :/ / / fw (ug,ug, ... uy)duy dug. .. duy,
ay az An

where fy is positive and must integrate to 1 on the range of W.

To get the idea of how to formulate the normal distribution in higher dimensions, it
is best to think in terms of extending (9.9) using (n x n) rather than (2 x 2) matrices
(so probability theory becomes a strong motivation for learning some linear algebral).

An example of a discrete multivariate random vector follows.

Example 9.6 [the multinomial random vector] Consider an experience which has r
different outcomes (which we call type 1, type 2, etc.) occurring with probabilities
P1,D2, .- -, Pr SO that p1 +p2 + ...+ p. = 1. Now suppose that we have n independent
repetitions of the experience and define the random variables:

X is the number of outcomes of type j (for 1 < j <)
so that we have the constraint

Xi+Xo+-+X,=n (")

A similar argument to that of Lemma 5.12 yields

n
P(X;=n1,Xo=n9,..., X, =n,) = ( " )p’l“pg12 ceepir (9.10)

ning ...
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(see Section 2.4 for the definition of the multinomial coefficient). The law (9.10) is
called the multinomial distribution.

Note: By (x) we see that once the values of (r — 1) of the Xs are known then the
rth value is determined, so, for example,

PXi=n1,X2 = no,....X; =n,)
= P(Xi=n,Xo=n9,..., X1 =n,_1)

Hence in this case we should regard W = (X1, Xs,...,X,_1) as a random vector
taking values in N'~!. As an example consider the case n = 2, where (9.10) reduces
to the binomial distribution.

Example 9.7 [See Example 7.3] The genetic code of an organism consists of the four
bases A, T, C'and G appearing with probabilities

P(A) =02, P(T)=0.1, P(C) =04, P(G) =03

Assuming that these appear independently, find the probability that a strand of DNA
composed of ten bases includes four As, one T and three Cs (so that we must have
two Gs). By (9.10) this is given by

10
2)%0.1(0.4)*(0.3)? = 0.012
(4132>(0 )*0.1(0.4)°(0.3) 0.0
9.4 Marginal distributions

Let W = (X, Y) be a random vector with law py taking values in (a, b) x (¢, d). We
define two probability measures px on Z(a, b) and py on Z(c, d) by

px(A) = pw (A4 x (¢,d))
and
py(B) = pw((a,b) X B) (9.11)

where A € Z(a, b) and B € Z(c, d). The fact that px and py really are probability
measures follows easily from Exercise 9.3. px and py are called the marginal laws of
W. To understand their significance, think of them as the laws of the components of
W obtained by projecting W on to the z and y axes, respectively (Fig. 9.9), that is,

px(A) = P(X € A) and py(B) = P(Y € B)

We define the marginal cumulative distributions Fx and Fy by Fx(z) = px((a, z))
and Fy (y) = py((¢, y)), where z < b and y < d. Hence by (9.4) and (9.11),

Fx(z) = Fw(z,d) and Fy(y) = Fw (b, y)
We say that W has marginal pdf’s fx and fy if
x Yy
Fx(x) :/ fx(u)du and Fy (z) :/ fy (v)dv

where fx and fy satisfy the usual conditions of being positive and integrating to unity
over the appropriate range.
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Lemma 9.1 If W has a pdf fy, then W has both of the marginal pdf’s and these are
given as follows:

d b
fx(@) = / fw (. y)dy and fy (z) = / fiv () de

Proof We will just carry this out for fx, the argument for fy being similar. The
marginal cumulative distribution is given by

Fx(z) = pw((a,z)x (c,d))

/ ’ l / ' fw(x,wdy] du

and the result follows. O

Example 9.8 Return to the context of Example 9.3 and calculate

(a) the marginal cumulative distribution functions Fx and Fy,
(b) the marginal pdf’s fx and fy.

Solution

(a) Using the result of Example 9.3 we have

Fx(z) = Fw(z,2)= %x(l + 2x)

Fy (y) Fw(l,y) = %(y—l)(2y+5)-

(b) By (.4),
fx(@) = Fi() =30+ 42)
frly) = F{/(y)Z%(3+4y)

Readers should check for themselves that the relationships described in Lemma 9.1
are indeed satisfied.
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Example 9.9 Find the marginal density functions fx and fy for the standard bivariate
normal distribution

Solution We need to calculate
Iy(y) = / Jw (z,y)dx
where fy is given by (9.8) with pu; = p2 =0 and 01 = o9 = 1. The trick is to write

a? = 2pxy +y* = (x — py)* + (1 = p*)y°
so that

frly) = exp (—%f)

T Lo ()

= Jayer (o) PemsT s

where T ~ N(py, (1 — p?)). But P(—oo < T < o0) = 1 and so we see that fy is
the pdf of a standard normal. The same result is easily established for fx, that is,
X ~ N(0,1) and Y ~ N(0,1). If we carry through the same argument in the more

general case of (9.8), a similar, although algebraically more clumsy, argument shows
that X ~ N(p1, 02) and Y ~ N(uz, 03).

9.5 Independence revisited

In this section we will see how we can gain information about the relationship between
a pair of random variables X and Y by thinking of them as the components of a
random vector W. Specifically, we consider X with range (a, b) and Y with range
(¢, d) and recall from Equation (8.10) that these are probabilistically independent if

P(X €AY eB)=P(X e AP € B)

for all A € Z(a,b) and all Y € Z(c,d).
However, using (9.3) we can just rewrite this definition by introducing the random
vector W = (X,Y") taking values on (a, b) X (¢, d), whose law is given as

pw (A x B) = px(A)py (B) (9.12)

so, by (9.1), the measure pyy is the product of px and py . A straightforward application
of (9.11) in (9.12) establishes that px and py (the laws of X and Y, respectively)
really are the marginals of W.

Now suppose that an arbitrary random vector W has a pdf fy, then it follows from
Lemma 9.1 that each of its components X and Y have pdf’s fx and fy respectively.

Lemma 9.2 X and Y are independent if and only if

fw(z,y) = fx(@)fy () (9.13)
for all (z, y) € (a, b) x (¢, d).
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Proof Suppose that X and Y are independent, then for all A x B € Z(a, b) X Z(c, d)

we have, by (9.12),
< /A fx(x)dx> ( /B fy(y)dy)

/ Fx(@) fy (y)dedy,
AxB

Pw(A X B)

and (9.13) follows. The converse result is immediate upon integrating (9.13) over Ax B.

0

Example 9.10 Suppose that W has the bivariate normal distribution (9.8). Comparing
this with the result of Example 9.9, it follows immediately from Lemma 9.2 that W
has independent components if and only if p = 0.

Before proving another useful result about independence, we note that if W =
(X,Y) and g is any function from R? to R, then we can form the random variable
g(X,Y). In fact, if w; € S1, where S; is the sample space for X, and ws € S, where
So is the sample space for Y, we have

9(X,Y)(w1,wa) = g(X(w1),Y (w2))
We define
B(X.) = [ [ ata) e dy (9.14)

where R = (a,b) x (¢, d) is the range of W.
In particular, we note that the covariance, Cov(X, Y) of X and Y is obtained by
taking

9(X,Y) = (X — pux)(Y — py)

in (9.14). Properties and examples of covariance and the related concept of correlation
are explored in the exercises.

Lemma 9.3 If X and Y are independent, then
E(h1(X)ha(Y)) = E(h1 (X))E(h2(Y)) (9.15)

for all functions hy defined on (a, b) and functions hy on (¢, d).
Proof By (9.15) and (9.14), we have,

E(h (X)ha(Y)) = /R / ha (2)ha(y) fiv (2, y)dz dy

/R/ ha(@)ha(9) f(2) fr (v)da dy
d

b
( / hl(I)fx(I)dJC) ( / hz(x)fy(y)dy>

E(h1(X))E(h2(Y))
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Notes

(i) Of course, (9.15) is only valid for functions h;(j = 1,2) for which both sides of
(9.15) are finite.

(ii) Lemma 9.3 has a converse to the effect that if X and Y are random variables for
which (9.15) holds for all h; and hg, then X and Y are independent. You can try
to prove this for yourself in Exercise 9.19.

We are now in a position to generalise Exercise 5.39 to the continuous case. Recall
that we already used this result in our proof of the central limit theorem (Theorem 8.8).
So let X and Y be independent random variables and let Mx vy (t) be the moment
generating function of X +Y (where ¢t € R).

Corollary 9.4 If X and Y are independent random variables, then for all ¢ € R
we have

Mx 1y (t) = Mx (t) My (t) (9.16)
Proof
Mx 1y (t) = E(e"*+Y))
_ E(etXetY)
=E(™)E(eY) by Lemma 9.3
= Mx (t)My (t)
]

A straightforward inductive argument now establishes the analogue of Exer-
cise 5.39(b) in this context.

9.6 Conditional densities and conditional entropy

Let X and Y be two random variables with ranges (a, b) and (¢, d) and pdf’s fx
and fy (respectively). Suppose that X and Y are related in some way and we want
to know how Y is affected if X takes one of its values z (say). Using the ideas we
developed in Section 4.3, it seems that we want conditional probabilities of the form

P((Y € B)N (X =)
P(X =x)

Px—o(Y € B) =

where B € I(c, d).

However, since P(X = z) = 0, such conditional probabilities cannot exist and so we
need some alternative way of approaching the problem. Instead of conditioning on the
event X = z, which has zero probability, we will condition on the event A; = (X €
(x,x 4+ h)), where h is some small number, and we will see what happens in the limit
as h — 0.

We introduce the random vector W = (X,Y) and assume that it has a joint pdf
fw on (a, b) X (¢, d) so that fx and fy are now interpreted as marginal pdf’s. We
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X=x
Y,eAn(X=x)
A
We A
x
Fig. 9.10.

will also make the assumption (which is always satisfied in practice) that fx(x) > 0
for all z € (a, b). Hence,

P(X € A,,Y € B)
P(X S Ah)

f;+h I fw (u, y)du dy
f;Jrh fx(u)du

Now, by the fundamental theorem of calculus, we have

[ fw (2, y)dy

Py, =

lim P =
o A fx(@)
= Mdy
B fx(@)
Inspired by the above discussion we define a function fy, on [e, d] by
Jw(z,y)
Y)="—F7-—- 9.17
o) = (917)

The first thing to observe is that fy, is a pdf on [¢, d]. To see this note that by
Lemma 9.1 we have, for fx(z) # 0,
d 1 d 1
/C fr.(y)dy = fx—(iﬂ)/c fw(z,y)dy = fx—(fv) fx(@) =1
We now introduce the random variable Y, whose pdfis fy,. We call fy, the conditional
pdf of Y given that X = x. Note that for B € Z(c,d), we have

Hnem:éhmMy

However, it is important that this probability is not confused with Px_,(Y € B),
which we have already seen does not make sense. The random variable Y, can be given
a geometrical interpretation as describing observation in the (z — y)-plane along the
line X =z (Fig. 9.10).
Notes
(i) We have seen that in the continuous case, although we cannot condition probabil-
ities on events of the form X = z, we can condition random variables.
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(ii) Many textbooks use the notation

Iy, (y) = fY/X (y/x)

We have avoided this as it leads to confusion about which variable is being operated
on by our function. However, the formula for fy, will in general contain = as well as
y and it should be understood that in this context y is the variable and x is constant.

Observe that if the random variables X and Y are independent, then via Lemma 9.2,
(9.17) yields

fr.(y) = fr(y) forally e (c,d)
so that the conditional and marginal pdf’s coincide and so Y, =Y. You can establish
a converse to this for yourself in Exercise 9.18.

Example 9.11 Find fy, when fy is as given in Example 9.3.

Solution Using (9.17) and the results of Examples 9.3 and 9.8, we find

_ 3x(y =D +227(y° - 1)
Fr. = 3(1 + 4x)

Example 9.12 Find fy, for the bivariate normal distribution of (9.8).

Solution We have already seen in Example 9.9 that fy is the pdf of a N(u1, o3).
Hence, by (9.17), we obtain

- 1 <1 [(y — 2) — Z—;p(:v—ul)F)
fyv, = exp

V[2moa(1 = p?)] 2

2 A0
so that Y, ~ N (v, w?), where v = g + 2p(x — p1) and w? =a2(1 - p?).
Just as we formed the random variable Y, by conditioning on X = z, so we can
form a random variable X, with range (a, b) by conditioning on ¥ = y. If we assume
that fy(y) >0 on (a, b), then X, has pdf fx, given by

fx, (@) = ) (9.18)

A similar argument to that of Example 9.11 above shows that, for the random vector
of Example 9.3, we have

~ Ba(y— 1) +22%(y? - 1)
fx, (@) = 3+ 4y
and for the bivariate normal distribution of (9.8), we find that X, ~ N(u1 + p(y —

p2), ot (1= p?)).
Comparing (9.18) with (9.17) yields Bayes’ formula for conditional densities (See
Theorem 4.3(a)), which is a valuable tool in statistics:

_ Pa@ix@)
Iy (y)

fx, () (9.19)
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We will also find it useful to introduce a random variable X, where we condition on
the event X = x. Clearly, X, is a discrete random variable with law

We now turn our attention to entropy. We have already defined the continuous
analogue of this concept in Section 8.7. Now we want to generalise Formulae (6.6) and
(6.7) to obtain continuous versions of conditional entropy. We follow the same path as
in the discrete case. So, given the random vector W = (X, Y) with pdf fy, we define
the conditional entropy of Y given that X = x, which we denote as H,(Y) by

d
— / Fr () log(fy, (4))dy (9.20)

by (8.25). We regard H.(Y) as a function of the random variable X so that H.(Y)
has range {H(Y;), = € (a, b)} and pdf given by the marginal f,. We now define the
conditional entropy of Y given X which we denote as Hx (Y') by

Thus we find that, by (9.17),

b b
- / fx () ( / fv.(y) log(fn(y))dy> da

b d
- / / fow (2, ) log(fv. (v)dz dy (9.21)

Hx(Y)

Note that Hy (X) is defined similarly, by interchanging the roles of X and Y in the
definition.

We will study some of the properties of Hx (V) in the exercises. Here, we will content
ourselves with an example.

Example 9.13 Find Hx(Y) when W = (X, Y) is the bivariate normal distribution.

Solution Rather than using (9.21) directly, we note that, by Example 9.12, Y, is
normal with variance o3(1 — p?). So by equation (8.26) in Example 8.11, we have

H,(Y) = log(aa(2me(1 — p*))'/?)
Observe that this is a constant function (of ) and hence
Hx(Y) = E(H.(Y)) = log(0(2me(1 — p2))1/2)
We now give two results which we will find of use in the next section.

First of all let X, Y and Z all be random variables with range R and pdf’s fx, fy
and fz, respectively, such that

(ii) X and Z are independent.
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In the next section we will consider this as a model for a communication channel
wherein X is the input, Z is the noise and Y is the output.
Suppose, now, that we condition on the event (X = z), then, clearly,

Y, =X+ %2,

However, since X and Z are independent, fz, = fz and hence Z, = Z.

Lemma 9.5
fyv.) = fz(y —x)
for all y € R.

Proof Since X and Z are independent, it follows that X, and Z are as well; hence for
A € Z(R), we have

P(Y,e¢A) = P(ZeA—{z} X, =1x)
= P(ZeA-{2})P(X,=2x)

= / fz(y)dy
A—{z}
= / fz(y —x)dy by substitution
A
But P(Y; € A) = [, fv.(y) dy and the result follows. O

Corollary 9.6

Proof Apply Lemma 9.5 in (9.20) to obtain

x(¥) = = [ Faty=a)log( oty — )y
= —/sz(y) log(fz(y)) dy by substitution
- H(2)
Hence, Hx(Y) = E(H.(Y)) = E(H(Z)) = H(Z). O

Corollary 9.6 has the nice interpretation that once the input has been specified, any
uncertainty in the output is due entirely to the presence of noise.

9.7 Mutual information and channel capacity

Suppose that W = (X,Y) is a random vector with range (a, b) x (¢, d) and pdf fi .
To define the mutual information between X and Y, I(X,Y), we generalise the result
of Theorem 6.7(a) and define

I(X,Y) = /ab /cd fw(z,y)log (%) (9.22)
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Clearly, we have I(X, Y) = I(Y, X).
We now show that the analogue of (6.9) holds.

Lemma 9.7

I(X,Y)=H(Y) - Hx(Y) (9.23)

Proof Rewriting (9.22) yields

b d
I(X,Y) = - / / fuv (2 9) log(fy (4))dz dy

N /ab /Cd for (.3 Tog (%) dz dy

d b
_ / ( / fw<x,y>dx> log(fy ())dy

b d
4 / / fiw (2 9) log(fy (4))dz dy by (9.16)

and the required result follows by Lemma 9.1 and (9.21). O

A similar argument to the above shows also that
I(X,Y) = H(X) — Hy(X)

Mutual information is a much better behaved concept than entropy for random
variables with continuous ranges, and for this reason the great mathematician A. N.
Kolmogorov suggested that it be considered as the fundamental concept in information
transmission. To justify this, note first of all that, unlike the entropy, we always have

I(X,Y) >0

with equality if and only if X and Y are independent. You can verify this result for
yourself in Exercise 9.28.

Further evidence comes from observing how mutual information behaves under the
process of discretisation and integration. To this end let P = a < zp < 1 < ... <
X, = b be a partition of (a, b) and let Q =c < yo < y1 < ... < Ym = d be a partition
of (¢, d). We introduce, as usual, the discrete random variables X and Y, with laws
{p1,p2,...,pn} and {q1,q2, ..., qm}, respectively, where each

Yk

pj = /‘j [x(w)dz and g fy (y)dy

Yr—1

for 1 <j<mnand1l<k<m. We also introduce the joint probability distribution of

X and Y
Zj Yk
Dik = / / Jw(z,y)dz dy

j—1 Y Yk—1

where 1 <j<nand 1 <k <m.
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Now, if Az; =2; —2j_1 and Ay =yp —yr—1 for 1 <j<nand 1 <k <m, we
find, by Theorem 6.7(a), that
Pik log ( Djk )
Pjqk

1
1 Az Au. Pik
———pjklog | ———F— Tk - Az;Ayy
Az Ay Ao Pi " Ay U

M-
Mz I1M:

I(X,Y) =

[
NIE

Jj=1

el
Il

1

=

and as we take limits (one
theorem of calculus that

or each variable) we find by applying the fundamental

limI(X,Y) =I(X,Y)

as is required.

Example 9.14 Suppose that W is jointly normally distributed with pdf given by (9.8).
Find I(X, Y).

Solution By (9.23), Example 9.13 and (8.26) we find
1(X,Y) = HY)- Hy(Y)

1 1
ol log(2meas) — B log(2meas (1 — p?))

1
= —5log(l—p?)

Note that, by Exercise 9.17, we have the nice interpretation that I(X, Y) depends
only on the correlation coeflicient p between X and Y. In particular, the stronger the
correlation the greater is the information transmission between X and Y.

We now consider the analogue of the set-up of Chapter 7, whereby a signal is
transmitted from a source X to a receiver Y through a channel which is corrupted
by the presence of noise. The difference now is that we are sending a continuous
signal (such as a waveform) across the channel and so both X and Y will be random
variables with continuous ranges. Imitating the idea of Section 7.2, we define the
channel capacity C by

C=maxI(X,Y)
where the maximum is over all possible probability laws of X.
Just as was the case when we maximised the entropy in Section 8.7, we obtain

different results if we apply different constraints. We will make the following natural
assumptions about our input X:

(i) E(X) = 0 and (ii) Var(X) = 0%

(Note that even if E(X) = ux, you can always change units and replace X by X —pux.)
We will work with a simple model of additive noise wherein

Y=X+Z

where both X and Z are independent. We will assume that Z is normally distributed
with mean zero and variance o%. From our work in the preceding chapter—particularly



190 Random wvectors

the central limit theorem—we know that this is quite a reasonable assumption to make
about the noise.

Note: In many books on information theory the variances 0% and 0% are called
the power of the signal and noise (respectively). This is because in many practical
situations these are measured in terms of the voltages which produce them, and the
power of a random voltage V' with mean zero passing through a resistance R is

1 2
=E(V?)

So 0% and 0% are genuine measures of power per unit resistance.

Theorem 9.8 The channel capacity C is attained when X is normally distributed.
Furthermore, we then have

1 2
C = 5log (1 + ‘;_g) (9.24)

I(X,Y) = H(Y)-Hx(Y)
H(Y) - H(Z)
= H(Y)- %log(?weaz)

We now want
C =max(I(X,Y)) = max(H(Y) — %1og(2ﬂ'ea%))

Now by Theorem 8.9, we know that the maximum value of H(Y") is obtained when Y is
normally distributed but Y = X +Z is normal provided X is normal (see Exercise 9.22)
and, furthermore, by Exercise 9.16 we have

Var(Y) = Var(X) + Var(Z) = 0% + 0%

Hence by (8.26) we find that max(H(Y)) = 4 log(2me(c% + 0%)) and

1 1
C= 3 log(2me(c% +0%)) — 3 log(2me(0%))
from which the result follows. O

By (9.24) we see that the ability of the channel to transmit information increases
in strength as the ratio of 0% to 0%, that is, when the power of the incoming signal is
stronger than the power of the disturbing noise.

FExercises

9.1. If A and B are finite sets, what is #(A x B)? Deduce that counting measure is a
product measure.
9.2. The rigorous definition of an ordered pair is

(a,b) = {{a},{a,b}}
Show that (a, b) = (b, a) if and only if a = b.



9.3.

9.4.

9.5.

9.6.

9.7.

9.8.

9.9.

9.10.

9.11.

9.12.

9.7 Mutual information and channel capacity

Convince yourself (e.g. by drawing pictures) that
Ax(BUC)=(AxB)U(AxC)
and
Ax (BNC)=(AxB)Nn(AxC).
Show that if A and B are finite sets, then
P(A) x P(B) =P(A x B).

191

If R = (a, b) x (¢, d) is a rectangle in R?, show that R can be written as the union

of at most four rectangles. [Hint: Draw a picture.]

Let F be the cumulative distribution function of the random vector W = (X, Y)

on (a, b) x (¢, d). Show that

(a) F(x1, y) < F(x2, y) whenever 21 < z9,
(b) F(z, y1) < F(x, y2) whenever y; < yo,
(c) F(b, d) =1.

A worm is placed within a rectangular box whose floor is a rectangle of dimensions
5cm X 9 cm. Assuming a uniform distribution, find the probability that the worm

is located within the area shown in Fig. 9.11.
A random variable X is uniformly distributed on the rectangle [3, 5] x [2,9]:

(a) Write down its pdf.
(b) Obtain the cumulative distribution function.

(c) Calculate the probability that X takes values in the rectangle [3,4] x [4, 7].

Find the constant C' such that the following are pdf’s on the given region:
(a) Cxy? on (0,1) x (2,3),

(b) & (2 + Czy + y?) on (1,2)2.

A random vector W has the pdf on [0, o0)? given by

fw(z,y) =7

(a) Find the cumulative distribution.
(b) Find both marginal distributions.
(c) Are the components X and Y of W independent?

A random vector W has pdf on [0, c0)? given by

fw(z,y) =yexp (—%y(4x + 1))

(a) Check that fy really is a pdf.
(b) Calculate both marginal pdf’s.
(c) Obtain the conditional pdf’s for both Y, and X,,.

The conditional cumulative distribution function of Y given x is defined as
Fy,(y) = P(Ya<y)
y
= / fy. (y)dy

if Y has a density on (c,d). Find Fy, for the example of Exercise 9.11 above.
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9.13.

9.14.

9.15.

9.16.

9.17.

9.18.
9.19.*

9.20.

A random vector takes all its values in the triangle bounded by the lines x = 0, y =
0 and x +y = 1 and the pdf of W is required to be a constant:

(a) Find the value of this constant.

(b) Calculate the joint probabilities P(X < 0.5, Y < 0.25) and P(X < 0.5, Y <1).
(¢) Obtain both marginal pdf’s

(d) Obtain both conditional pdf’s

(e) Are X and Y independent?

(Note: In (c) and (d) you should think carefully about how to define marginal and
conditional pdf’s when the region is no longer a product.)
The law of a discrete random vector W = (X, Y') taking values in N? is given by

pw(m,n) = P(X=m,Y =n)
_ A O
m!n!

where the parameters A, x> 0. Find the marginal laws of X and Y and investigate
whether or not these random variables are independent. Do the laws of X and Y
seem familiar?

A fair die is thrown 12 times in succession. Treating these as independent trials,
find the probability of obtaining each number (from 1 to 6) twice.

If the correlation coefficient between two components X and Y of a random vector
W is defined (just as in the discrete case) by

Cov(X,Y
OxXO0y
show that Theorems 5.7-5.11 all extend to the case where X and Y are components
of a random vector with a pdf.
Show that when X and Y are components of the bivariate normal random vector,

then
p(X.Y) = p.
Hence, deduce that such random variables are independent if and only if
E(XY) =E(X)E(Y).

Show that if fy, = fy for all € (a, b), then X and Y are independent.

(a) Prove that E(xa (X)) = px(A) (where x 4 is the indicator function of A so that
xa(X)=1if X € A and 0 otherwise).

(b) By writing h; = x4 and he = x g, establish the converse to Lemma 9.3.

Let X and Y be independent random variables on R with pdf’s fx and fy, respec-

tively, and let Z = X + Y. Show that Z has a pdf fz which is given by the

convolution of fx and fy, that is,

fz(z) = /jo fx(@)fy(z — z)dx

(this is the continuous analogue of (by (5.8))) . [Hint: Write the cumulative distri-
bution F,(z) as a double integral of fyr over the region {(z, y) € R%z +y < 2}
and then make an appropriate substitution.]



9.21

9.22.

9.23.

9.24.

9.25.

9.26.

9.27.

9.28

9.29
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. Show that if X ~ £(c0) and Y ~ £(o0) are independent, then X + Y has a gamma
distribution with parameters o = 2 and 3 = 1 (see Exercise 8.11 for the definition
of the gamma distribution).

Show that if X and Y are independent and normally distributed, then X +Y is also
normally distributed, and find its mean and variance. [Hint: You can do this by
calculating the convolution of the densities, but it’s quicker to use Corollary 9.4.]
If X and Y are random variables, the conditional expectation E,(Y) of Y given x
is defined by

E,(Y) =E(Y,)
d
= / yfy, (y)dy (see Exercise 5.40)

Find E,(Y) if X and Y are components of the bivariate normal distribution.
Regard E,(Y) as the value (when X = z) of a random variable Ex (Y"). Note that
Ex(Y) is a function of X and so

BEx () = [ B x(oa
Show that
E(Ex(Y)) = E(Y).
If X and Y are independent, show that
Hx(Y)=H(Y).

If W= (X,Y) is a random vector, define its joint entropy to be

b d
H(X,Y) = - / / fuv (@, ) log(fur (2, y))de dy
Show that

H(X,Y)=H(X)+ Hx(Y)
=H(Y)+ Hy(X) (see Theorem 6.5)
(Perhaps H(W) is a better notation than H(X,Y)?)
Use the result of Exercise 9.26 above to calculate H(W) when W is the bivariate

normal random vector.

. (a) Show that
I(X,Y) = H(X)+ HY) - HX,Y).

(b) Prove that I(X,Y) > 0 with equality if and only if X and Y are independent.
. A channel with input X and output Y is acted on by multiplicative noise Z where
X and Z are independent, so that

(ii) Show that
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4 cm Scm

9cm

Fig. 9.11.

(ii) Hence deduce that
Hx(Y) = H(Z) - E(log(X)).

9.30. The input into a communication channel varies between V; and V5 volts and the

9.31.

output takes values between W7 and W5 volts. If the joint probability density of

the channel is
1

Vo = V1) (W2 — W7)

calculate

(a) the input and output entropies H(X) and H(Y),
(b) the joint entropy H(X,Y),

(¢) the mutual information I(X,Y).

A communication channel is characterised by the pdf’s

1
1—2

fr(y) =2(1-y) and fv,(y) =

on the triangle bounded by the lines z = 0, y = 0 and x+y = 1 (see Example 9.13).
Calculate

(a) H(Y), (b) Hx(Y), (c) I(X,Y).

Further reading

All the books cited at the end of Chapter 8 are also appropriate for this chapter.



EXPLORING FURTHER

After having reached the end of this book, you should have obtained a basic toolkit
to help you explore deeper. I've already given you a number of leads in the “Further
reading” sections at the end of each chapter and you should follow up those that
appeal most to you. I cannot recommend too highly the magnificent Feller, Volume 1
for strengthening your background and after that there is always Volume 2 for more
advanced topics (but note that it is much more advanced).

To broaden and deepen your knowledge of probability, it is essential to learn more
about stochastic proceses. You will find some material on this in Feller’s books but
if you want more modern and systematic treatments the following are all very read-
able and should be quite accessible: An Introduction to Stochastic Modelling by H.
M. Taylor and S. Karlin (Academic Press, 1994), Introduction to Probability Models
by S. Ross (Academic Press, 1985), Stochastic Processes by S. Ross (J. Wiley and
Sons, 1983), Probability and Random Processes, by G. R. Grimmett and D. R. Stirza-
ker (Clarendon Press, Oxford, 1992) and (at a slightly more sophisticated level), An
Introduction to Probabilistic Modelling by P. Brémaud (Springer-Verlag, 1988) and
Adventures in Stochastic Processes by S. I. Resnick (Birkhaiiser, 1992).

All the above references tend to emphasise the more applied side of stochastic pro-
cesses. If theoretical aspects are of greater interest to you, you should first make sure
you are well-grounded in the measure theoretic and analytical aspects of probability
theory which you can obtain by studying Itd’s book, for example or you might look
at J.S.Rosenthal A First Look at Rigorous Probability Theory, World Scientific (2000)
Two fascinating and complementary introductions to the modern theory of ‘noise’,
both containing interesting applications and written at a reasonably elementary level
are Probability with Martingales by D. Williams (Cambridge University Press, 1991)
and Stochastic Differential Equations by B. Oksendal (Springer-Verlag, 1985). If you
are interested in “taming” the noise in the stock exchange (see below) you might
also consult T. Mikosch, Elementary Stochastic Calculus with Finance in View, World
Scientific (1998) . David Williams, Weighing the Odds (Cambridge University Press,
2001) gives a highly readable and quite unique introduction to probability and statis-
tics with some coverage of stochastic processes and a closing chapter on quantum
probability and quantum computing.

Nowadays many universities are teaching courses on mathematical finance at under-
graduate level. This is a subject in which remarkable advances have been made in the
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last thirty years, particularly in understanding option pricing and related phenomena.
Probability theory plays an absolutely vital role in this - particularly the stochastic
processes that are known as “martingales” and also Brownian motion. One of the
best introductions to this subject that keeps technical sophistication to a minimum is
M. Baxter, A. Rennie, Financial Calculus, Cambridge University Press (1996). Other
accessible books in this area are M.Capinski , T.Zastawniak Mathematics for Finance
Springer (2003) and S.Neftci An Introduction to the Mathematics of Financial Deriva-
tives, Academic Press (2000).

There are far fewer books in existence dealing with information theory than there
are on probability, and I've already mentioned all of the accessible ones which I'm
familiar with. Again, knowledge of stochastic processes allows you to study the flow
of information over time. You can learn a lot about this from Thara’s book. Informed
Assessments by A. Jessop (Ellis Horwood, 1995) gives a very readable undergraduate-
level account of an information theoretic approach to elementary statistical inference
(relying heavily, of course, on the maximum entropy principle). Elements of Infor-
mation Theory by T. M. Cover and J. A. Thomas (J. Wiley and Sons, 1991) gives a
fine introduction to a number of more advanced topics, including models of the stock
market. Finally, for a fascinating (and non-technical) journey through probability,
information, economics, fluid flow, the origins of chaos (and much else besides) read
Chance and Chaos by David Ruelle (Penguin, 1991).



Appendix 1

PROOF BY MATHEMATICAL
INDUCTION

Suppose that P(n) is a proposition that makes sense for every natural number n =
1,2,3, ..., for example we could have that P(n) is either of the assertions that

If we wanted to prove that (i) and (ii) hold, we might start trying to do it for the
cases n =1, n =2, n = 3, etc., but this is very laborious and is clearly never going
to deliver the required result for all n. The method of mathematical induction finds a
way around this which is encoded in the following:

Principle of mathematical induction:

Suppose we can establish the following:

(i) that P(a) is valid for some natural number a > 1,
(ii) that whenever P(n) is valid then P(n + 1) is also valid,

then if (i) and (ii) both hold, P(n) is valid for all n > a.

This principle is established as an axiom of the mathematical structure of arithmetic.
We can see the sense of it as follows: once (i) establishes the validity of P(a), (ii) allows
us to deduce P(a + 1), then (ii) again yields P(a + 2) and we continue ad infinitum.
In many applications we take a = 1 as in the example given below.

Example Prove (a) above by mathematical induction. We note that when n = 1,
the left-hand side is 1 and the right-hand side is $(1)(1+1) = 1. Hence, P(1) is valid.
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198 Proof By Mathematical Induction

Now assume P(n); then to prove P(n + 1) we have

n+1 n

ko= Y k+(n+1)

k=1 k=1
= %n(n—i—l)—i—(n—i—l)
= (n+1) <%n + 1)

(n+1)(n+2)

N =

and so the required result is established.

As an exercise to test your understanding, you should try to prove (b) above (usually
called the Leibniz rule). To help you along the way, note that P(1) is the usual rule for
differentiation of a product (which you should assume). You will also find the result
of Exercise 2.7 helpful here.



Appendix 2
LAGRANGE MULTIPLIERS

We begin with a function f defined on R3 and suppose that we want to find its
stationary values, which might be maxima, minima or saddle points. It is known that
these can be obtained as the solutions of the three simultaneous equations

of of of _

— =0,=— =0 and

ox oy 0z 0

Now suppose that we have a constraint on our function f of the form

g(x,y,2) =0

As an example of a practical situation where this makes sense, suppose that f(z,y, z) =
8zyz is the volume of a rectangular box of dimension 2z times 2y times 2z, which
is centred at the origin. If there are no constraints we don’t need calculus to deduce
that the minimum possible volume is zero and the maximum is infinite. On the other
hand, suppose we ask the question: What is the maximum possible volume that can
be enclosed in a sphere of radius 1 centred on the origin (Fig. A2.1)?

7

Fig. A2.1.
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200 Lagrange multipliers

As the diagram shows, there are clearly some finite non-zero values of x,y and z for
which this volume can be attained. First note that since the equation of the sphere is

2?4yt =1

then the constraint g(x,y,2) = 2% +y? + 22 — 1.
The method of Lagrange multipliers tells us that in situations like this, we should
form the function of four variables L defined by

L(z,y,z;\) = f(x,y,2) + Ag(z,y, 2)

where A € R is our Lagrange multiplier.
Our required stationary points of f, subject to the constraint g, are then the solu-
tions of the four simultaneous equations

oL oL oL oL
%— ,@—0,5—0,5—0

Note that the final equation g—ﬁ = 0 is just the constraint equation g(z,y, z) = 0.
As an application, we now solve the problem described above concerning the maxi-

mum volume of the box contained within the sphere. Here we have,
L(:C,y,z;)\) = 8xyz + )\(12 + y2 + 52 _ 1)

and our four equations are

g—i =8yz+2\r =0 (1)
% =8xz+2\y =0 (ii)
?3_5 =8ry+2Xz=0 (iii)
g—i:x2+y2+z2—120 (iv)

We substitute for A in (i), (ii) and (iii) to obtain

dyz  dxzz  dxy
r oy oz
Hence, 22 = y? = 22. Now substitute into (iv) to find
322 =1

so that = y = z = 37'/2 and so the maximum volume of the box is 8 x 373/2 = 1.54
(to two decimal places).

We make two observations:

(i) The technique used above of eliminating A first from the equations is typically the
best approach to problems of this type. Note that A is not itself evaluated as we
don’t need to know it explicitly (see Section 6.4, where the context is somewhat
different).
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(ii) We didn’t need to apply a second test in order to check that the stationary point
that we’d found was indeed a maximum as this was obvious from the context.
Again this is typical of such problems.

In the above, we have formulated the method of Lagrange multipliers solely for
functions in three dimensions subject to a single constraint. For the application in
Section 6.4, we need a more general formalism, so let f be a function on R™ which is
subject to the m constraints g;(x1,x2,...,x,) =0 for 1 < i < m, where m < n. Now
consider the function L on R**™ defined by

L(z1, @2, ..., Tn; A1, A2, oy An) = flz1,xa,. .. xy)
+Z)\jgj(:b1,x2,...,xn)
j=1

where A1, Ag, ..., Ay, are the Lagrange multipliers. Then the stationary points of f
subject to the m constraints can be found by solving the (m + n) simultaneous equa-

tions

oL oL
— = <7< — = < k<
oz, 0(1<j<n)and o 0(1<k<m)



Appendix 3
INTEGRATION OF exp (—%X2)

The main point of this appendix is to justify our assertion that (8.14) really does
define a pdf of a random variable. The following result employs in its proof one of my
favourite tricks in the whole of mathematics.

Theorem A3.1

Proof

So
woe (Lo (o) ([ oo (o))
= /Z /Z exp <—%($2 +y2)) dz dy

Now introduce polar co-ordinates = rcos(f) and y = rsin(f) and note that the
Jacobean determinant of this transformation is equal to r; hence,

2 00 0o
I? = / / e 2p dr df = 27T/ e~ /2p dr
o Jo 0

Upon making the substitution u = g, we obtain

and the required result follows. O

Corollary A3.2 Define for o >0 and p € R,

o= (4559

for each x € R; then fis a probability density function.
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Integration of exp (—%x2) 203

Proof Clearly, f(z) > 0 for each z € R. To show that [~ f(z) = 1, make the
standardising substitution z = *=# and then use the result of Theorem A3.1. l

Finally, we establish a result about the gamma function mentioned at the end of
Chapter 2.

Corollary A3.3
[(1/2)=+/7

Proof On substituting y = 1/(2z) and using Theorem A3.1, we find

ri/2) = /Oe_””:v_l/2dx

o[ (L)

V2 % « /(27) =



Appendix 4

TABLE OF PROBABILITIES
ASSOCIATED WITH THE STANDARD
NORMAL DISTRIBUTION

How to use this table to calculate P(Z > z) where z > 0
Suppose that to three significant figures z = 1.38. You should

(A) Go down the far left column to find the number 1.3.
(B) Go along the top row to find the number .08.

(C) Find the unique number where the row to the right of 1.3 meets the column directly
under .08. This is the number you need.

Tables of G(z) = P(Z> z) forz20

G(z) is shaded

Fig. A4.1.

.08
*
*

*
1.3 sk kkk sk xkxkkkkxkxkkxxxk 0838

So to three decimal places of accuracy,

P(Z > 1.38) = 0.084
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Table of probabilities associated with the standard normal distribution 205
z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .5000 .4960 .4920 .4880 .4840 .4801 4761 .4721 .4681 .4641
0.1 .4602 .4562 4522 .4483 .4443 4404 4364 4325 .4286 .4247
0.2 .4207 4168 4129 4090 .4052 .4013 .3974 .3936 .3897 .3859
0.3 .3821 .3783 3745 3707 .3669 .3632 .3594 .3557 .3520 .3483
0.4 .3446 .3409 3372 .3336 .3300 .3264 .3228 .3192 .3156 .3121
0.5 .3085 .3050 .3015 .2981 .2946 .2912 .2877 .2843 .2810 .2776
0.6 .2743 2709 .2676 .2643 .2611 .2578 .2546 .2514 .2483 .2451
0.7 .2420 .2389 .2358 .2327 .2296 .2266 .2236 .2206 .2177 .2148
0.8 .2119 .2090 .2061 .2033 .2005 .1977 .1949 .1921 .1894 .1867
0.9 .1841 .1814 .1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611
1.0 .1587 .1562 .1539 .1515 .1492 .1469 .1446 .1423 .1401 .1379
1.1 .1357 .1335 .1314 .1292 1271 .1251 .1230 .1210 .1190 .1170
1.2 1151 .1131 .1112 .1093 .1075 .1056 .1038 .1020 .1003 .0985
1.3 .0968 .0951 .0934 .0918 .0901 .0885 .0869 .0853 .0838 .0823
1.4 .0808 .0793 .0778 .0764 .0749 .0735 .0721 .0708 .0694 .0681
1.5 .0668 .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 .0559
1.6 .0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455
1.7 .0446 .0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367
1.8 .0359 .0351 .0344 .0366 .0329 .0322 .0314 .0307 .0301 .0294
1.9 .0287 .0281 .0274 .0268 .0262 .0256 .0250 .0244 .0239 .0233
2.0 .02275 .02222 .02169 .02118 .02067 .02018 .01970 .01923 .01876 .01831
2.1 .01786 .01743 .01700 .01659 .01618 .01578 .01539 .01500 .01463 .01426
2.2 .01390 .01355 .01321 .01287 .01255 .01222 .01191 .01160 .01130 .01101
2.3 .01072 .01044 .01017 .00990 .00964 .00939 .00914 .00889 .00866 .00842
2.4 .00820 .00798 .00776 .00755 .00734 .00714 .00695 .00676 .00657 .00639
2.5 .00621 .00604 .00587 .00570 .00554 .00539 .00523 .00508 .00494 .00480
2.6 .00466 .00453 .00440 .00427 .00415 .00402 .00391 .00379 .00368 .00357
2.7 .00347 .00336 .00326 .00317 .00307 .00298 .00289 .00280 .00272 .00264
2.8 .00255 .00248 .00240 .00233 .00226 .00219 .00212 .00205 .00199 .00193
2.9 .00187 .00181 .00175 .00169 .00164 .00159 .00154 .00149 .00144 .00139
3.0 .00135 .00131 .00126 .00122 .00118 .00114 .00111 .00107 .00103 .00100
3.1 .00097
3.2 .00069
3.3 .00048
3.4 .00034
3.5 .00023
3.6 .00016
3.7 .00011
3.8 .00007
3.9 .00005
4.0 .00003




SELECTED SOLUTIONS

Chapter 2

12.
. (a) 5040, (b) 720.

. 2 598 960.

12.

. 2730.

. 86 737.

10. 3060.

11. (a) 120, (b) 64, (c) 84.
15. 27 720.

© 00 o T =

Chapter 3

1. ( ) Sla (b) {1}7 (C) {35476) ( ) Rg, (e) ¢v (f) {15374a6}7 (g) {25374a576}'
2. (a) [1,4], (b) [0.5,1], (c) [=1,1].

8. JyUJy = (=00, -9 U[-5 ] [6, 15).

11. 0.125.

13. (a) 0.25, (b) e"2=10.135.. ., (c) 3, (d) 1.61.

16. Since P4 is a partition of A we have

A=(ANE)UANE)U...UANE,)

and the result now follows immediately from Exercises 3.9(iii).

Chapter 4

—~
o
~
N[N
=
[N
N[

O o=
%o *
=2

a

—~

0.147, (b) 0.853.
a) 0.119, (b) 0.179, (c) 0.032, (d) 0.328.
i) 0.318, (ii) 0.265, (iii) 0.530.

3
4.
5.
6.
7.

—~
-

13.
14.
15.

-
Bl

@O
(=)
~

Il

Q1) = % so that there is also maximum uncertainty of the output.
Qo(0) =@Q1(1) =1—¢, Qo(1) =Q1(0) =¢

206
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So the Q;(j)s are the same as the P;(j)s and the channel is completely symmetric
between input and output.

16. Q(1) =p(1 —¢), Q(E) = ¢, Q(0) = (1 - p)(1 —¢),
Qo(0) =@:1(1) =1, Qp(0) =1-p, Qr(l) =p.
17. Q(1) = (1 —ple + p(1 —e — p) = e+ p — 2pe — pp,
Q(E) = p,
QO)=pe+(1-p)(l—c—p —1—6—p+2p€+pp—p,
Qo(0) = % Qo( ) = ohy»
Qe(0) = p, QE( ) =
Qi) — U=z Sl 2.0 - e
18. (a) 0.366, (b) 0.0093, (c) 0.468.
19. P(AN B) = P({4}) = 0.25, P(A)P(B) = (0.5)(0.5) = 0.25.
20. P(A) = P(B) = P(C) =%, P(ANB) = P(BNC) = P(ANC) = 1. P(ANBNC) =
0.
22. Q(0)=0.542, Q(1)=0.458.
23. P(A) = 3, P(B) = %, P(C) = 1. These are not coherent (they sum to %). To
make them coherent change C’s odds to 5 to 3 on.
25. Solve (%)" = 1 to find at least four throws required.
26. 0.109.
27. (a) 0.659, (b) 0.341, (c) 0.299.
28. (a) Ts3s760 (P) 33301 (©) 333060 () 793 (@) 57> () 55, () 0.436.
29. Pr,(D,) = 0.098. Hence our previous intuition was misguided.
Chapter 5
L p(0) =0, p(1) = g, p(2) = 13, p(3) = 5. P(4) = 5. p(5) = 3
2. p(0) = L, p(1) = £, p(2) = £, p(3) = &
4. p(0) = O 1591, p(1) = 0.4773, p(2) = 0.3182, p(3) = 0.0455 (hypergeometric
distribution).
5. E(X) = 3.889, Var(X) = 1.876, ¢(X) = 1.370.
18. Both equal —0.473.
19. (a) 2, (b) 3.
21. P(S(n) = 2) = 0.335.
22. P—24 =P24=P-1,1 =P1,1 = %
Cov(X,Y) =0 since E(XY) =0, E(X) =0 and E(Y) = 2.5.
23. (a) 0.17, (b) 0.4845, (c) 0.2969, (d) 0.5155, (e) 0.8336.
24. p = 0.65, n = 16, p(7) = 0.0442.
27. (i) 0.3477, (ii) 0.0058, (iii) 0.5026.
30. (a) 0.24, (b) 0.0864, (c) 0.0346, (d) 0.1728.
33. (i) 0.04, (ii) 0.0017, (iii) 0.000 018.
37. Follows from the fact that
d" tx; n
@(e ) L T
38. (b) E(X3) = A3 +3A2 + X\, E(X?) =M + 63+ 7\% + A
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39. (a)

e z] +yk

Mx,y(t) = Djk

NE
Ms

1

>
Il

1

"' Zew = Mox (1) My (1)

<.

3 |l

I
g

j=1

(b) follows from (a) by induction.
40. (ii) Use (4.1) and Lemma 5.4(a).

Chapter 6

1. 3.32 bits, 1.74 bits and 0.74 bits.
2. (a) 5.17 bits, (b) 2.58 bits.
3. Let X be the number of 1s in the word, then X ~ b(5,0.6):

(a) P(X >3)=0.6826 I =0.55 bits,
(b) P(X <4)=0.9222 I =0.117 bits,
() P(X =3)=0.3456 I =1.53 bits.
. For z > 1, flm%dthf dtandfor0§x<1fxl%dt<fxl dt.
. (a) 1.5, (b) 1.34.
. (a) 1.78 bits, (b) 0.86 bits, (c) 0.88 bits, (d) 0.90 bits, (e) 0.02 bits.
10. By Gibbs’ inequality, for each 1 < j < n,

0 Ut

H;(Y) ==Y pj(k)log(p;(k)) < = > p;(k)log(q(k))
k k=1

=1
and the result follows by (6.7). The result for I(X,Y") follows from (6.9).
12. pj = = L_(1—py) for 2 < j < n thus the probabilities pa, p3, . . . , p,, are as ‘uniformly
distributed’ as possible, as we would expect.
13. (a) py = 0.154, po = 0.292, p3 = 0.554, (b) T = 1.13 x 108 K.
Is ‘temperature’ meaningful for such a small number of particles?
14. (a) Use Gibbs’ inequality (Exercise 6.9), (¢) Immediate from Theorem 6.7(a).
15. Use the result of Exercise 6.14(b).

Chapter 7
1. 1(0,0) = = In(1 — p), I(0,E) = I(1,E) =0, I(1,1) = —In(p)
So I(S,R) = (1 —¢)H(S) and C = 1 — ¢, which is realised when p = 1.
3.(a) H(R) = —ylog(y)—(1—y—p)log(1—y—p)—plog(p) where y = £+p—2pe —pp.
(b) Hs(R) = —(1 — ¢ —p)log(l — e — p) — plog(p) — elog(e).
(c) I(S, R) = —ylog(y) — (1—y—p)log(1—y—p)+(1—c—p)log(l - —p)+elog(e).
4. (a) Differentiation shows maximum attained where y = 1(1 — p), so that p = % so

C=1—p—(1-p)log(l—p)+ (1 —c—p)log(l —e—p)+clog(e).

5. I(A, B) = 0.401 bits, I(A,C) = 0.125 bits.
6. (i) Make repeated use of the definition of conditional probability.
(ii) Use Gibbs’ inequality and conditioning to show that Hp(A) — He(A) < 0.
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. H = 1.87 for M. lysodeiktus, H = 2 for E. coli. As M. lysodeiktus has smaller

entropy, it is a more complex organism.

9. Use the Kraft—-McMillan inequality.
11. Use Theorem 7.4(a).
12. (a) Codeword lengths are 2, 2, 3, 3, 4. A suitable code is 00, 01, 110, 111, 1010.
(b) Huffman code is 00, 01, 101, 11, 100.
13. The code of (11) has n =1, (12(a)) has n = 0.876, (12(b)) has n = 0.985.
14. As S™) consists of m i.i.d random variables, we have
H(S"™) =~ 3" pji-.pj.log(pj, - -pj,.)
J1,.. . im =1
and the result follows via (5.1).
15. (a) Two possible Huffman codes are 0000, 0001, 001, 01, 10, 11 and 0000, 0001,
001, 10, 11, 01.
As each codeword has the same length, this is effectively two different ways of
writing the same optimal code.
(b) £ =0.019.
16. £ = 0.310.
19. Use Bayes’ rule (Theorem 4.3(a)).
20. P(E) = 3¢% — 2¢3.
22. Use Lemma 6.1.
Chapter 8
4 (a) f(2) = Sa+4), (b) .
5. (1) c=1, (ii) c=m, (ili) c=e + 4.
2
6. (i) F(z) = & (2z + 3), (iii) 2.
8. (i) E(X) = $(b+a), (i) Var(X) = L(b—a)*
9. Var(X) = 55.
10. c= 1.
11. (i) 2Substitute y =5 and use '(a) = ISy tev dy, (iv) E(X) = af, Var(X) =
af”.
12. (i) Substitute y = %, (ii) v = 1, (iii) BE(X™) = 0"/ T(1 4+ n/7).
14. These follows as in the discrete case by using properties of integrals instead of
sums—particularly linearity:
b b b
[ @t + sg@is = [ aft@ite+ [ pgla)da
where o, S € R and —o0o < a < b < 0.
15. A= (p—c, p+c).
16. Same technique as in the continuous case but using sums instead of integrals.
19. Use Chebyshev’s inequality to find
P(X >5)=0.18(to 2 d.p's).
21. (a) 0.09, (b) 0.91, (c) 0.09, (d) 0.91, (e) 0.23, (f) 0.56, (g) 0.
22. You need to estimate ﬁ fo exp (—%,22) dz by Simpson’s rule. To four significant

figures this yields 0.3413, which is the same as the result obtained by use of tables.
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23.
25.

26.
27.
28.
29.

31.
33.

34.
35.
36.

37.
39.

Substitute y = —z in the integral for P(Z < 0).

For E(Z) use
L, L,
zexp | —52 dz = exp —5% +C.

For E(Z?), integrate by parts writing

1 1
2% exp (—522) =z -zexp (—§z2> .

(a) 0.125, (b) 0.75, (c) 0.104.
w=0.181.
Substitute in the integral for the cumulative distribution of Y.

Gly) = P(Z>y)= \/(1%)/ 1~exp(—%z2)dz

1
/ exp(yz — y? — —22)dz by hint
y

Now complete the square.

etb_eta
(i) t(b—a)
(i)
Mx(t) /\_tfor—oo<t<)\
= oxift> A
E(X)" =nlA"".

My () = (1 - pr)

Use a binomial expansion to write

(o) = 0 5)

Use a similar expansion on (14 £)" and hence deduce that

nlLII;O{<1+ %o‘(??’))n - (1+ %)"} —0.

0.34.
n = 4148.
2
pla, 1) = b e (~ ).
H(X)=log (%).
(a) Use Exercise 8.38 with g(z) = ;- for z € (a, b).
(b) Use Exercise 8.38 with g(z) = \e™*.

Chapter 9

7.

0.356.
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8. (a) fw(z,y) =15, () Fw(z,y) =@ -3)(y—2), (o) 1}
9.(a) . (b)o.
10. (a) Fiw(z, y) =1—e % —e ¥ + e (=ty),

(b) fx(z) =e"%, fy(y) =e Y (so both X and Y ~ £(1)).

(¢) Yes.
11.(b) fy(y) = 5¢7¥/% fx(2) = -

(©) Fra(0) = by(dz 4 12 exp(~ dyde + 1)), fx, (2) = 2y
12. 1 — Lexp(—2y(4z +1))(2 + y + day).
13. (a) C' = 2

(b) 1 and 3.

¢) fx(z) = (1—117) fr(y) =2(1 —y).

(y) = 1_;37 ny( ): ﬁa

@

—_~ T~
(oW
NEEEEE
=
8

=)
o

A

14. P(X =m) = )‘mn‘j; , P(Y =n) =" X and Y are Poisson with means A and
1, respectively, and are clearly 1ndependent

15. 0.0034.

16. The usual business of replacing summation by integration in the earlier proofs.

17. For convenience, we will just do the standard case, so by (9.13),

p(X,Y) = COV(X Y)

B %¢b /’/

—(2%-2 dz d
XeXp{ T p2)( pxyﬂ/)} z dy

_ N2
— s | renlegr e -
.Y €xXp {—iy } dz dy
Now substitute z = \/”(”1 Ly, =y to find that
p(X,Y) = E(V)E(/(1 - p)X) + pE(Y?) = p

By Example 9.10, we know that X and Y are independent if and only if p = 0, that
is, Cov(X,Y) =0 but Cov(X,Y) =E(XY) — E(X)E(Y) and the result follows.

18. Use Lemma 9.2 in (9.17).

19. (a) E(xa(X)) = [ xa(@)f(z)dz = [, f(2)dz = px(A).

21. Use the convolution formula of the precedlng exercise, noting that you only need
to integrate from 0 to z (Why?)

22. X +Y ~ N((1 + p2), (0F + 03)).

23. E,(Y) =E(Y,) = p2 + p(x — 1) by Example 9.12.

26. Replace all the sums in the proof of Theorem 6.5 by integrals.

27. H(X,Y) = log(2meci05(1 — p?)'/?).

28. (a) The identity follows from (9.22) and Exercise 9.27 above.
(b) I(X,Y) > 0 follows by using Gibbs’ inequality (Exercise 9.38) to imitate the

argument of Exercise 6.10.
30. (a) H(X) =log(V2 — V1), H(Y) = log(Wa — W1).
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(b) H(X,Y) =log((V2 — V1)(W2 — W1)).
(¢) I(X,Y) =0 (input and output are independent so no communication is possi-
ble).

31. (a) H(Y) = —0.28 bits, (b) Hx(Y) = —0.72 bits, (c) I(X,Y) = 0.44 bits.
Chapter 10
1. (a) 0 (b) 0.036 (c) 0.192.

2. Both equal 0.12.

10.

11.

12.
14.
23.

© XN

. Assume that the random variables are all discrete, then by independence

P(S, = xn|S1 =21,5 =x2,...,5,-1 = Tp_1)
P(X, =2p — Tp-1)
= P(Sn = In|Sn71 = $n,1)

(a3 )1 (©0 (d) 3 (e %
(a) (1-a)? (b) (1-a)*+a?
(b) 0.13, (c) 0.16
P =042,7 = 0.416.
(a) 0.006, (b) (i) 0.29 (i) 0.231, (iii) 7 = (0.481,0.237,0.282).
11+ (1-2a)
0 p 0 0 1—p
1—p 0 p 0 0
(a) P = 0 1-p 0 ) 0 (b) 0.00162.
0 0 1—p 0 P
0 0 1-p 0
0.466.
() (3:2) () (1:3.5). () (. 5. 8)
(a) 0.9197, (b) 1.489 (c) 0.8172.
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o-additivity, xv Birkhoff G., 36
o-algebra, 29, 33 bits (of information), 97
o-algebras, xiv Blahut R., 136, 138
micrococcus lysodetkus, 137 block
block coding, 126, 127
Abramson N., 138 Boltzmann L., 16
Adams W. J., 168 Boltzmann statistics, 16
additive noise, 189 Boltzmann’s constant, 106
adenine, 120 Boole G., 36
amino acid, 120 Boolean algebra, 27, 28, 37, 38, 65, 171
Ash R., 138 in probability, 21, 80, 95, 150
associativity, 25 product of, 171, 173
astralagi, 56 Boolean laws, 25, 34
average error probability, 130, 131, 133, 135 Boolean variable, 27
Avogadro’s constant, 160 Bose—Einstein statistics, 16
axiom, 5, 37, 57, 197 Brémaud P., 195
Brillouin L., 138
Barton D. E.. 19 broken line, 28
Baxter, M., 1796 Boolean algebra of, 28, 31, 35, 139, 171, 172
Bayes T., 57, 62 Brown R., 159
Bayes’ theorem, 47, 48, 53 Brownian motion, 159-161, 196
for densities, 185
Bayesians, xiv, 48, 54, 55 Capinski, M., 196
Bell Telephone Laboratories, 136 Cardano F., 56
Bernoulli J., 68 Carnap R., 56
Bernoulli r.v., xv, 68, 69, 75, 78, 84, 91, 97, 98, Cartesian products, 169
102, 132, 149, 158 cascade, 136
and channel capacity, 118 Cauchy random variable, 165
and Shannon’s theorem, 135 Cauchy—Schwarz inequality, 76
entropy of, 100-102, 107, 186 central limit theorem, 155, 160, 168, 183
i.i.d., 80, 109, 132 de Moivre—-Laplace, 158
mean of, 70, 71, 87, 106 certainty, 38, 71, 99
variance of, 156, 164 channel capacity, 118, 119, 129, 190
Bernoulli source, 132 cts, 170
beta function, 19 disc, 10, 11, 50, 51, 118, 170, 172
Bevensee R. M., 114 chaos, 16, 196
binary alphabet, 116 characteristic function, 155
binary code, 84, 86, 87, 120, 131 Chebyshev P. L., 158
binary digits, 111, 132 Chebyshev’s inequality, 148, 150, 166, 209
binary erasure channel, 59, 136 Chevalier de Mere, 57
binary symmetric channel, 46, 48, 68, 75, 131, chi-squared random variable, 165
132, 135 chromosomes, 120
and Shannon’s theorem, 129 Chung K. L., 19
Shannon’s theorem, 129, 132 Clausius R. J., 107
binomial coefficients, 13-15 closed interval, 21
binomial distribution, 55, 91, 158, 179 co-ordinate geometry, 169
binomial r.v., 13, 15, 55, 82, 83, 91, 92, 133 code alphabet, 119, 122, 123, 127, 137
binomial theorem, 14, 15, 18, 92, 132 code message, 121

213
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code symbols, 119, 122, 123 diffusion equation, 167
codes, 119, 120, 122, 137, 209 Dirac measure, 16
mth extension of, 137 Dirac P., 31
prefix-free (see prefix-free codes), 121 discrete probability, 38
uniquely decodeable, 121 discrete random variable, see random variable,
codeword, 89, 119, 120, 122, 138, 209 disc, 63, 186
coherent (odds), 60 disjoint sets, 28, 140
Cohn D. L., 36 distance
combinations, 10, 18, 24 information theoretic, 69
combinatorial, 9, 14, 45, 51, 57 set theoretic, 36
combinatorics, 9, 19 distributivity, 16
communication, 4, 7, 46, 194, 212 DNA (deoxyribonucleic acid
engineering, 95 E. coli, 209
systems, 4 DNA (deoxyribonucleic acid), 120
commutativity, 25
complement (of a set), 23, 27 Eddington A., 108
conditional cumulative distribution, 191 Einstein A., 159
conditional densities, 183, 185 English, 95
conditional entropy, 101, 102, 113, 186 entropy
cts, 101, 102, 113 r-nary, 128
disc, 186 and maximum entropy principle, 105, 106
conditional expectation cts, 54, 56, 97, 98, 129, 136, 209
cts, 93, 193 disc, 54, 108, 124
disc, 171 physics, life and, 98, 107
conditional probability, 43—45, 48, 101 uniqueness of, 108
conditional probability space, 54 equivocation, 102
confidence intervals, 159 error-detecting code, 138
configuration, 16 Euclidean geometry, 3, 4
continuous function, 30, 134 events, 38
continuous probability, 28 expectation, 70, 124, 143, 144, 167
continuous signal, 209 experience, 9
convolution exponential distribution, 143
of densities, xv, 193 random variables, 143, 156
of discrete probability laws, 79
of measures, 36 factorial, 11
corollary, 76 Fano R. M., 136
correlation coefficient Fano’s inequality, 113
cts, 75, 177, 189, 192 Feinstein A., 136
disc, 75, 189, 192 Feller W., 195
counting measure, 16, 29, 89, 173, 190 Fermat P., 57
counting, basic principle of, 9, 16 Fermi-Dirac statistics, 16
generalised principle of, 10 Fourier transform, 155
covariance
cts, 182 gamma function, 16, 17, 19, 165, 203
disc, 75 gamma r.v., 17, 19, 165, 203
Cover T. M., 196 Gatlin L., 138
cumulative distribution Gauss C. F., 150
cts, 66, 92, 140 Gaussian r.v., see normal r.v., 150
disc, 66, 141, 142, 152 genetic code, 120, 179
rvec, 175, 176, 178, 191, 192 geometric
cytosine, 120 distribution, 86
r.v., 86, 87, 92
D’Alembert J., 60 Gibbs J. W., 106
data processing theorem, 137 Gibbs’ distribution, 58, 106, 107
David F. N., 62 Gibbs’ inequality, 112, 124, 167, 208, 211
David F. W., 19 Gillies D. A., 62
Davies N., 60 Goldie C. M., 128, 138
De Finetti B., 54, 56, 62 Goldsmith E., 138
De Moivre A., 57, 158, 159 Greeks, 56
De Montford P., 56, 57 Grimmett G., 61
De Morgan’s laws, 25, 26 guanine, 120
Decision rule, 129, 130, 133
definition, 22, 27, 37, 208 half-open interval, 22
degree of belief, 41 Halmos P., 36
Descartes R., 169 Hamming distance, 130

difference of sets, 20 Hamming R. W., 61
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Hartley R. V. L., 136 logarithms, 16, 96, 97, 107, 136
Helmholtz free energy, 106 logic, 24, 27, 56, 144
histidine, 120 logical positivism, 55
Huffman codes, 127, 128, 209 Lyapunov A., 158
Huffman’s algorithm, 127
Huygens C., 60 man, 18, 56
hypergeometric distribution, 89, 207 marginal
function, 89 cumulative distribution, 179, 180
r.v., 89 distribution, 179, 180, 191
hypothesis tests, 159 law, 179, 192
p.d.f.’s, 179-181, 183, 185, 191, 192
ii.d. r.v.’s, 80, 109, 132 Markov A.; 158
idempotency, 25 Markov’s inequality, 166
Thara S., 168 martingales, 196
impossibility, 38 mathematical
independence (probabilistic), 49-51, 55 model, 2, 3
independent r.v.’s theory, 3
cts, 7, 49, 50, 116, 182 maximum entropy principle, xiv, 7, 105, 106,
disc, 49, 50 113, 114, 196
information maximum likelihood rule, 129
content, 16, 43, 46, 95 maximum uncertainty, 38, 105
transmission of, 49, 55 measurability, 63
information theory, xiii, xiv, 6, 95, 98, 113, 136, measure
190 on a o-algebra, xiv, 5
integers, 14, 19, 20 on a Boolean algebra, 29, 37
intersection (of sets), 23, 27, 38 product of, 95, 100, 101, 124, 136
interval, 21 measure theory, 29, 36
IQ scores, 155 Mikosch, T., 195
Isihara A., 19 minimum relative entropy principle, 113
Ito K., 168 moment generating function
cts r.v., 155, 157, 167
Jaynes E. T., 105 cts r.v.’s, 157
Jessop A., 196 disc r.v., 157, 183
joint distribution dts r.v., 93
cts, 69, 91, 113 moments, 74
disc, 69 Morse code, 120
joint entropy multinomial coefficients, 15
cts, 101 multinomial random vector, 178
disc, 194 multivariate distribution, 7
mutual information
Kapur J. N., 114 cts r.v.’s, 101, 104, 118, 162, 187, 215
Karlin S., 195 disc r.v.’s, 116, 118, 136, 188
Kasner E,7 36 event, 116-118, 131, 188
Kendall M. G., 62
Keynes J. M., 56 National Lottery, 60
Khintchine A. I., 108, 138 natural numbers, 63, 125
Kolmogorov A. N., 57, 61, 188 Neftci, S, 196
Kraft—-McMillan inequality, 122—-125, 137, 209 negative binomial
distribution, 88
Lévy P., 168 r.v., 86-88, 92
LAGRANGE MULTIPLIERS, 199 Newman, J., 36
Lagrange multipliers, 6, 105, 200, 201 Newton L., 57
Laplace P. S., 54, 56, 57, 62, 158, 159 laws of motion, 15, 16
Laplace transform, 155 Nobel Prize, 160
lattices, 36 noiseless coding theorem, 124, 136
law of succession, 56 NORMAL DISTRIBUTION
Lebesgue H., 29 R.V., 204
Lebesgue measure, 29, 30, 32 Normal distribution, 154
Leibniz G. W., 57, 198 bivariate distribution, 176, 181, 185, 193
Leibniz rule, 198 bivariate rvec, xv, 7, 178, 182
lemma, 6 entropy of, xv, 145, 155, 158, 178, 181
Levine R. D., 114 multivariate, 178
likelihood, 60, 130 r.v., 182
Lindley D. V., 62 Nostradamus, 57

linear algebra, 178
linear functional, 72 odds, 41, 207
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Oksendal B., 195

open interval, 22, 28, 141, 173
open rectangles, 170, 172, 174
optimal codes, 125, 127
outcomes, 9

parity check, 138
Parthasarathy K. R., 61
partition, 32, 37, 46, 84, 145, 188, 206
partition function, 106
Pascal B., 57, 60
Pascal’s triangle, 15, 18
Pearson E. S., 62
permutations, 11
Perrin J., 160
Pinch R. G. E., 128, 138, 163, 168
Poisson distribution, 82, 85, 86, 92
r.v., 84, 92
Poisson S., 84, 211
Population
mean, 81
variance, 74
power (of signals/noise), 190
power set, 26, 171
prefix, 121
prefix-free code, 121, 122, 137
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This elementary introduction to probability theory and information theory is
suitable as a textbook for beginning students in mathematics, statistics or computer
science who have some knowledge of basic calculus. It provides a clear and
systematic foundation to the subject; the concept of probability is given particular
attention via a highly simplified discussion of measures on Boolean algebras. The
theoretical ideas are then applied to practical areas such as statistical inference,
random walks, statistical mechanics and communications modelling. Topics dealt
with include discrete and continuous random variables, entropy and mutual
information, maximum entropy methods, the central limit theorem and the coding
and transmission of information. Many examples and exercises are included that
illustrate how the theory can be applied, for example to information technology.
Detailed solutions to most exercises are available electronically.
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